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SERRE WEIGHTS FOR GSp4 OVER TOTALLY REAL FIELDS
TAKUYA YAMAUCHI
Abstract. We prove a variant of Serre’s weight conjecture for ρ : Gal(F/F ) −→ GSp4(Fp) for any
totally real field F and any rational prime p > 2 which is split completely in F by using automorphic
lifting techniques developed by Barnet-Lamb, Gee, Geraghty, and Taylor. The formulation of our
Serre conjecture is done by following Toby Gee’s philosophy. Applying these results to the case when
F = Q with a detailed study of potentially diagonalizable, crystalline lifts with some prescribed
properties, we also define classical (naive) Serre’s weights. This weight would be the minimal weight
among possible classical weights in some sense which occur in candidates of holomorphic Siegel Hecke
eigen cusp forms of degree 2 with levels prime to p. The main task is to construct a potentially
diagonalizable automorphic lift for ρ by assuming only the adequacy condition. The main theorems
in this paper also extend many results obtained by Barnet-Lamb, Gee and Geraghty [6] for potentially
ordinary lifts and Gee and Geraghty for companion forms [36].
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1. Introduction
Let G be a connected reductive group over a number field K and p be a prime number. Fix an
embedding K ↪→ C and an isomorphism Qp ' C. Let ι = ιp : K −→ Qp be am embedding which is
compatible withK ↪→ C andQp ' C fixed right before. The number theorists have expected that any
geometric p-adic representation ρp,ι : GK := Gal(K/K) −→ LG(Qp)oGK such that the composition
with the second projection becomes the identity map IdGK corresponds to a C-algebraic automorphic
representation of G(AK) where LG is the Langlands L-group of G (cf. [15]). The problem asking the
modularity (or the automorphy in other words) of ρp,ι would be nowadays divided into two major
tasks which are firstly various modular lifting theorems symbolizing as “R = T” type theorems and
secondary the modularity (or the automorphy) of mod p Galois representations which is called Serre
conjecture for G. In this decade, the modular (automorphy) lifting theorems have been developed
for the groups G so that the Taylor-Wiles-Kisin system can be applicable. For example, such G’s
are symplectic groups, orthogonal groups, or unitary groups but ultimately everything known so
far is reduced to the inner form Gn (introduced in [18]) of GLn × GL1 for some n ≥ 1 by passing
to well-known techniques including base changes and so on. The readers should consult with the
currently definitive article [8]. To address Serre conjecture for G, the emergency task would be to
specify all informations, as much as possible, of candidates of automorphic forms or automorphic
representations which give rise to a given mod p Galois representation ρ as above. In particular, to
understand all possible weights of conjecturally corresponding to ρ is now called (generalized) Serre
weight conjecture and it is now understood and generalized in fully general settings in the context
of several philosophies compatible with mod p local Langlands conjecture [49], [14] and [34] (see also
many works referred therein) and also Gee’s observation so that what kind of lifts we can lift to a
crystalline lift [33].
Let us recall Serre conjecture for GL2/Q which is the prototype due to J-P. Serre [79]. Let f be an
elliptic Hecke eigen cusp form of level N and weight k with character ε. It is well-known that for each
prime p, one can associate f with a mod p Galois representation ρf,p : GQ := Gal(Q/Q) −→ GL2(Fp)
by Deligne et al. On the other hand, for any odd, irreducible Galois representation ρ : GQ −→
GL2(Fp), in a celebrated paper [79], J-P. Serre defined the three invariants consisting of weight
k(ρ), level N(ρ), and character ε(ρ), respectively. In those definitions, the most elaborated one is
the weight k(ρ) and others are easily defined from ρ. We say such ρ is modular if there exists an
elliptic Hecke eigen cusp form f such that ρ ' ρf,p. There are a number of Hecke eigen cusp forms
with the same property. So it is important to specify all possible weights and a minimal choice
of among the candidates. Serre conjectured if ρ is modular, then one can find an elliptic Hecke
eigen cusp form f with the weight k(ρ) such that ρ ' ρf,p. Serre’s modularity conjecture for odd
ρ : Gal(Q/Q) −→ GL2(Fp) was proved by Khare-Wintenberger [59],[60]. In their proof, the weight
reduction of Edixhoven’s Theorem 4.5 of [25] played an important role. Further, with Theorem 3.17
of [14], we have known all candidates of (regular) weights of modular forms give rise to a given mod
p Galois representation ρ and it is revealed that k(ρ) is the “minimal” weight in some sense.
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In this paper, we will address Serre weight conjecture forGSp4 over a totally real field F formulated
along Toby Gee’s philosophy. The main ingredient is to give an improvement of automorphy lifting
theorems. We will prepare some notation to explain our main results. Let GSp4 = GSpJ be the
symplectic similitude group in GL4 associated to J =
(
02 s
−s 02
)
, s =
(
0 1
1 0
)
with the similitude
character ν : GSp4 −→ GL1. Let pi be an automorphic cuspidal representation of GSp4(AF ) whose
infinite components are all discrete series representations or limits of discrete series representations.
We say pi is regular if all infinite components are discrete series representations.
Thanks to the works [84],[85],[67],[93],[94] for F = Q and [83], [69] for general F , for each prime
p and ι = ιp : Qp
∼−→ C, there exists a semisimple p-adic Galois representation ρpi,ιp : GF −→
GSp4(Qp) which satisfies all expected properties which will be explained in Section 2. The antici-
pated Arthur’s classification of automorphic representations for GSp4 (over any number field) is now
available due to Gee-Ta¨ıbi [37] and it follows from this that the construction of ρpi,ιp is now uncondi-
tional. By choosing a suitable lattice, we have a mod p Galois representation ρpi,ιp : GF −→ GSp4(Fp)
and for a given mod p Galois representation ρ : GF −→ GSp4(Fp) we may ask the existence of such
a pi so that ρ ' ρpi,ιp as a representation to GL4(Fp). We call ρ is modular or automorphic if such a
pi exists.
The first task is to study a suitable lift so that we can apply various automorphy lifting theorems
for ρ under a mild condition. Then our first main result is the following:
Theorem 1.1. Let F be a totally real field and p be an odd prime number. Let ρ : GF −→ GSp4(Fp)
be an irreducible continuous mod p Galois representation. Assume the followings:
(1) p is split completely in F ;
(2) ρ|GF (ζp) is irreducible and ρ(GF (ζp)) is adequate;
(3) ρ comes from a regular cuspidal automorphic representation of GSp4(AF ).
Then the exists a p-adic Galois representation ρ : GF −→ GSp4(Qp) such that
(1) ρ|GF,v is potentially diagonalizable for each finite place v above p;
(2) ρ comes from a regular cuspidal automorphic representation of GSp4(AF ).
This claim is known if we further assume that ρ comes from a potentially diagonalizable regular
cuspidal automorphic representation. Therefore, the main novelty is to show this expected condition
is guaranteed under the above condition. Once this kind of lifts is guaranteed to exist, we can apply
Proposition 4.1.1 of [8] to show the existence of automorphic lifts with the prescribed local properties
as expected in [33] and in Section 1 (see the last few lines right before Section 2) of [36].
Theorem 1.2. Let F be a totally real field and p be an odd prime number. Let ρ : GF −→ GSp4(Fp)
be an irreducible continuous mod p Galois representation. Assume the followings:
(1) p is split completely in F ;
(2) ρ|GF (ζp) is irreducible and ρ(GF (ζp)) is adequate;
(3) ρ comes from a regular cuspidal automorphic representation of GSp4(AF ).
Assume that for each finite place v of F lying over p, a potentially diagonalizable, crystalline lift ρv
of ρ|GF,v with regular Hodge-Tate weights for any embedding Fv ↪→ Qp is given. Then there exists a
regular cuspidal automorphic representation pi of GSp4(AF ) of prime to p such that
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(1) ρpi,ιp ' ρ;
(2) for each finite place v of F lying over p, ρpi,ιp |GF,v is crystalline with the same Hodge-Tate
weights as ρv. Further, ρpi,ιp |GF,v connects to ρv in the sense of the notation given in p.530,
lines 15-22 of [8] or Definition 3.1.4 of [6].
(3) if ρ|GF,v is ordinary for each finite place v of F lying over p, then pi can be ordinary at all v
above p.
Further, we can freely choose the types of pi among L-packets at infinite places. In particular,
pi∞ = ⊗piv|∞piv can be the holomorphic discrete series representation.
This generalizes main results of [36], [50], and [91] for companion forms. Our advantage is that
we can also consider companion forms in non-ordinary case (see Section 11).
As another application, we can study a kind of Serre’s weight conjecture for GSp4 over a totally
real field in many cases which is formulated in Conjecture 6.6 according to Toby Gee’s philosophy;
Theorem 1.3. Let F be a totally real field and p be an odd prime number. Let ρ : GF −→ GSp4(Fp)
be an irreducible continuous mod p Galois representation. Assume the followings:
(1) p is split completely in F ;
(2) ρ|GF (ζp) is irreducible and ρ(GF (ζp)) is adequate;
(3) ρ comes from a regular cuspidal automorphic representation of GSp4(AF ).
Then it holds that
WI(ρ) = Wpd−cris,I(ρ)
for any non-empty set I of IBC(ρ) (see Conjecture 6.6 for the notation).
Let us consider the case when F = Q. In Section 10, we will define a triple of three integers
(k1(ρ), k2(ρ), w(ρ)) satisfying k1(ρ) ≥ k2(ρ) ≥ 3 and w(ρ) ∈ Z≥0 for any given mod p irreducible
continuous Galois representation ρ : GQ −→ GSp4(Fp). In fact, it is actually depending only on
ρ|GQp by definition. Then as an application of our main results, we have an analogue of a weight
reduction theorem which generalizes Edixhoven’s result (Theorem 4.5 of [25]) to the case of GSp4/Q;
Theorem 1.4. Let ρ : GQ −→ GSp4(Fp) be an irreducible continuous mod p Galois representation.
Assume the followings:
(1) p > 2;
(2) ρ|GQ(ζp) is irreducible and ρ(GQ(ζp)) is adequate;
(3) ρ comes from a regular cuspidal automorphic representation of GSp4(AQ).
Then there exists a Hecke eigen Siegel cusp form F of weight (k1(ρ), k2(ρ)) with the level prime to
p such that
ρ ' ρF,p ⊗ ψεw(ρ)
where ψ : GQ −→ F×p is a character of conductor prime to p and ε is the mod p cyclotomic character.
To prove Theorem 1.1 we follow the techniques developed in [6] as they expected (see “Note added
in proof”,p.1578 in loc.cit.). The key ingredients are as follows;
(1) construction of an automorphic lift of weight zero;
(2) construction of a non-ordinary automorphic lift after suitable solvable base change;
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(3) well-known Harris’s tensor product trick to switch the non-ordinary automorphic lift to a
potentially ordinary automorphic lift.
The first ingredient is most important and it has been well-known for GL2/F but not for higher rank
cases. To carry out this, we apply the vanishing theorem of betti cohomology for Shimura varieties
with parahoric levels due to [17] but thus, we need to assume p is split completely in F in the main
theorems. If one improves the main result in [17] for any p and any F , we can remove the condition
on p and F from all main theorems except for Theorem 1.4. For the second ingredient, we take a base
change lift for a constructed automorphic representation pi of weight zero and move on the setting
in [82] to apply Jacquet-Langlands correspondence. Then applying well-known analysis on algebraic
modular forms on a reductive group which is compact modulo the center at all infinity places, we
can change the possible ramification type of pi at all places dividing p to be that the corresponding
Weil-Deligne representations have no monodromy. Then Harris’s tensor trick argument employed in
[6] yields a desired lift. To restrict ourselves to consider the case of GSp4 seems restrictive nowadays
for some experts in comparison with the current developments in this field. However as Jacquet-
Langlands, Arthur’s classification, and arithmetic geometry around GSp4/F , we fully apply these
powerful tools in unconditional which would include some advantages rather than to consider general
cases in conditional.
Regarding Theorem 1.4, the definition of (k1(ρ), k2(ρ), w(ρ)) follows from Toby Gee’s philosophy.
In this context, under a good condition so called “peu ramife´e” considered in [70],[35], the authors
there constructed crystalline lifts with certain prescribed types for a given mod p local Galois rep-
resentation r : GK −→ GLn(Fp) for each finite extension K/Qp. In general, constructing crystalline
lifts becomes complicated as n is large, since the extension classes show up in r are intervened each
other. This may be one reason to introduce the notion “peu ramife´e” in [70],[35] to carry out sys-
tematic study for crystalline lifts. To explain an idea to define (k1(ρ), k2(ρ), w(ρ)), let us consider
the original case of GL2/Q due to Serre. If ρ|GQp is not “peu ramife´e”, hence is tre`s ramifie´e, then
it is of form ρ|GQp '
(
ε ∗
0 1
)
up to a twist and the extension class ∗ comes from a non-unit element
in the Galois cohomology H1(Qp,Fp(ε)) ' Q×p /(Q×p )p via Kummer theory. The shape of ρ|GQp looks
like the local type at p of a mod p Galois representation comes from an elliptic cusp form f of
weight 2 but it can not be possible since ∗ is not finite flat by definition and therefore, ρf,p is not
crystalline at p. Observe that any element of H1(Qp,Fp(ε)) can be liftable to a non-torsion element
of H1f (Qp,O(ψε)) or H1f (Qp,O(ψεp)) for the integer ring O = OE of some finite extension E/Qp and
an unramified character ψ : GQp −→ O× whose reduction modulo the maximal ideal of O is trivial.
Here ε is the p-adic cyclotomic character. The above extension class ∗ is liftable to H1f (Qp,O(ψεp))
for some ψ. As is well-known (cf. Proposition 3.5 of [58]), there exists an elliptic cusp form g of
weight 2 + p − 1 = p + 1 such that ρg,p ' ρ. Hence ρg,p is a lift of ρ which is crystalline at p.
As defined in [79], this is a reason why we need to raise the weight 2 which is naively observed to
k(ρ) = 2 + (p− 1) = p+ 1.
In the case of GSp4, for simplicity, we assume that ρ|GQp is of form
ρ|GQp ' εcψ0 ⊗
(
ρ1 B
02 ψ1ε
a+bρ∗1
)
.
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Here ρ1 =
(
ψ1ε
a+b τ0
0 ψ2ε
a
)
: GQp −→ GL2(Fp) and for each 0 ≤ i ≤ 2, ψi : GQp −→ F×p is an
unramified character and 0 ≤ a, b, c ≤ p−2 are integers. The class B can be regarded as a map from
GQp to the unipotent radical N of Siegel parabolic subgroup in GSp4. By definition, N ' Sym2St2.
Therefore, the class of B belongs to H1(Qp, (ψ1εa+b)−1ad0(ρ1)).
If the extensions τ0 and B satisfy a good condition (for example “peu ramifiee” in the sense
of [35]) and 0 < b < a, then we can produce a Siegel cusp form F with the level prime to p
of weight (a + 1, b + 2) such that ρF,ιp ' ρ. The general case becomes much more complicated.
According to the ramification of each extension class, as observed in the original case, we have to
raise a or b with a multiple of p− 1 to obtain a crystalline lift as minimal as possible among regular
Hodge-Tate weights. Thus (k1(ρ), k2(ρ), w(ρ)) is defined to be the minimal element of triples of
non-negative integers k1, k2, w such that k1 − 1 ≡ a mod p − 1, k2 − 2 ≡ b mod p − 1, and there
exists a potentially diagonalizable, crystalline lift of ρ|GQp with the regular Hodge Tate weights
{w,w + k2 − 2, w + k1 − 1, w + k1 + k2 − 3} for some k ∈ Z. Here the regularity condition means
k1 ≥ k2 ≥ 3. The details are given in Section 10.
This paper will be organized as follows. In Section 2 through Section 3, we recall basics of coho-
mological cuspidal automorphic representation of GSp4(AF ). Section 3 contains several important
ingredients which would play an important role in switching the ramification types. Section 4,5, and
6 are devoted to proving several facts which are standard, but necessary to modify the automorphy
lifting theorem in question. Section 7 is the most heavy part and a bulk of this paper so that the
existence of a non-ordinary lift and switching to a potentially ordinary lift are both proved. In
the course of proving them, we borrow several ideas from [6],[7]. Section 8 is devoted to proving
the main theorems. A detailed study of potentially diagonalizable crystalline lift of mod p Galois
representations is given in Section 9. Using the results there, we will define the classical (naive)
Serre weights for GSp4 in Section 10. Theory of companion forms is now understood as a part of
automorphy lifting theorems rather than studying the geometric counterparts of regular algebraic
cuspidal automorphic representations when mod p Galois representations are tame at p. Therefore,
we briefly mention it in Section 11. In Section 12, we give a sufficient condition on adequacy. Finally,
we give some comments on a generalization of our results.
Acknowledgment.The author would like to thank T. Gee, D-R. Gullota, F. Herzig, Kai-Wen.
Lan, Henry H.Kim, and Y. Ozeki for answering many questions. A part of this work was done during
the author’s visiting to Max Plank Institute fu¨r mathematics. The author would like to thank all
staffs there for kindness and incredible hospitality.
2. Automorphic representations for GSp4(AF )
In this section we recall basic facts of automorphic cuspidal representations for GSp4(AF ) and
corresponding Galois representations. Except for Jacquet-Langlands correspondence all contents
may be known for most readers and they may skip this section.
2.1. Automorphic representations and Galois representations. Let F be a totally real field.
For each place v of F , let Fv be the completion of F along v. In this section we recall basic properties
of cuspidal automorphic representations of GSp4(AF ) whose infinite components are either discrete
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series or limit of discrete series. We basically follow the notation of Mok’s article [69] and add more
necessarily ingredients for our purpose.
For any place v of F , we denote by WFv the Weil group of Fv. Let m1,m2, w be integers such
that m1 > m2 ≥ 0 and m1 +m2 ≡ w+ 1 mod 2. For the L-parameter φ(w;m1,m2) : WR −→ GSp4(C)
defined by
φ(w;m1,m2)(z) = |z|−wdiag
((z
z
)m1+m2
2
,
(z
z
)m1−m2
2
,
(z
z
)−m1−m2
2
,
(z
z
)−m1+m2
2
)
and
φ(w;m1,m2)(j) =
(
02 s
(−1)ws 02
)
, s =
(
0 1
1 0
)
.
By Local Langlands correspondence the archimedean L-packet Π(φ(w;m1,m2)) corresponding to φ(w;m1,m2)
consists of two elements {piH(w;m1,m2), piW(w;m1,m2)} whose central characters both satisfy z 7→ z−w for
z ∈ R×>0. These are essentially tempered unitary representations of GSp4(R) and tempered exactly
when w = 0. When m2 ≥ 1 (resp. m2 = 0) the representation piH(w;m1,m2) is called a (resp. limit of)
discrete series representation of minimal K-type k = (k1, k2) := (m1 + 1,m2 + 2) which corresponds
to an algebraic representation Vk := Sym
k1−k2St2⊗ detk2 St2 of KC = GL2(C). Here K is the maxi-
mal compact subgroup of Sp4(R). The representation piH(w;m1,m2) is called if m2 ≥ 1 (resp. m2 = 0)
a (resp. limit of ) discrete series representation of minimal K-type V(m1+1,−m2).
Fix an integer w. Let pi = ⊗′vpiv be an automorphic cuspidal representation of GSp4(AF ) such that
for each infinite place v, piv has L-parameter ϕ(w;m1,v ,m2,v) with the parity condition m1,v + m2,v ≡
w+ 1 mod 2. Let Ram(pi) be the set of all finite places of which piv is ramified. Thanks to [69] with
[37] we can unconditionally attach pi with Galois representations:
Theorem 2.1. (cf. Theorem 3.1 and Remark 3.3, Theorem 1.1 of [69] with Theorem C of [96])
Assume that pi is neither CAP nor endoscopic. For each prime p and ιp : Qp
∼−→ C there exists an
irreducible, continuous Galois representation ρpi,ιp : GF −→ GSp4(Qp) such that
(1) ν ◦ ρpi,ιp(c∞) = −1 for any complex conjugation c∞ in GF .
(2) ρpi,ιp is unramified for all finite places which do not belong to Ram(pi) ∪ {v|p};
(3) for each finite place v not lying over p, the local-global compatibility holds:
WD(ρpi,ιp |GFv )F−ss ' recGTv (piv ⊗ |ν|−
3
2 )
with respect to ι where recGTv stands for the local Langlands correspondence constructed by
Gan-Takeda [28];
(4) for each v|p and an embedding σ : Fv ↪→ Qp, there is a unique embedding vσ : F ↪→ C such
that ιp ◦ σ|F = vσ. Then the representation ρpi,ιp |GFv is Hodge-Tate of weights
HTσ(ρpi,ιp |GFv ) = {δvσ , δvσ +m2,vσ , δvσ +m1,vσ , δvσ +m2,vσ +m1,vσ}
where δvσ =
1
2
(w+3−m1,vσ−m2,vσ). If we assume either piv is discrete series for all infinite
places v or genuine, then ρpi,ιp |GFv is crystalline and the local-global compatibility also holds.
Definition 2.2. Let F be a totally real field and K be a field. Let ρ : GF −→ GSp4(K) be a
representation. The natural inclusion GSp4(K) ⊂ GL4(K) induces the action of GF on K4. We
say ρ totally odd if the dimension of the fixed subspace of K4 by ν ◦ ρ(c∞) is two for each complex
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conjugation c∞ in GF . It is equivalent to the condition that ν ◦ρ(c∞) = −1 unless the characteristic
of K is two.
Lemma 2.3. Let n ≥ 1 be an integer. Let G be a group and ρ : G −→ GL2n(K) be an irreducible
representation over a field K. Assume that there exists an element c in G such that the subspace
of K2n fixed by ρ(c) is non-trivial and its dimension is strictly less than 2n. Then ρ is absolutely
irreducible.
Proof. Put V = K2n. If not, there exists a G-invariant non-trivial subspace W of V ⊗K. We see that
V ρ(c) ⊂W ρ(c) ⊂W . Since W ρ(c) 6= W and V ρ(c) 6= {0} by assumption, V = 〈gv | g ∈ G, v ∈ V ρ(c)〉K
is of dimension strictly less than 2n. This contradicts the irreducibility of ρ. 
Proposition 2.4. Keep the notation in Theorem 2.1.
(1) ρpi,ιp is totally odd and absolutely irreducible;
(2) if ρpi,ιp is irreducible, then it is also totally odd and absolutely irreducible.
Proof. The first claim in the totally oddness has been well-known (see comments in front of Propo-
sition 1 of [88]).
For the second claim, by assumption, the isomorphism classes of ρpi,ιp is independent of any choices
of symplectic lattices in Q⊕4p . Then one can find a symplectic Qp-lattice L such that ρpi,ιp is given
by
(
s 02
02 s
)
where s =
(
0 1
1 0
)
. The claim follows from this. The absolute irreducibility now
follows by Proposition 2.4 in both cases. 
Definition 2.5. (1) Let ρ : GF −→ GSp4(Qp) be an irreducible p-adic Galois representation.
We say ρ is automorphic if there exists a cuspidal automorphic representation pi of GSp4(AF )
with piv a discrete series representation for any v|∞ such that ρ ' ρpi,ιp as a representation
which takes the values in GL4(Qp). By definition, if ρ is automorphic, then it is totally odd.
(2) Let ρ : GF −→ GSp4(Fp) be an irreducible mod p Galois representation. We say ρ is
automorphic if there exists a cuspidal automorphic representation pi of GSp4(AF ) with piv
a discrete series representation for any v|∞ such that ρ ' ρpi,ιp as a representation which
takes the values in GL4(Fp).
2.2. Base change. Let pi be a regular cuspidal representation of GSp4(AF ). Assume that pi is
neither CAP nor endoscopic. By [37] there exists a unique globally generic representation pi′ such
that pi′ is weakly equivalent to pi. The representation pi′ can be transfered to a cuspidal representation
Π of GL4(AF ). If there exists a solvable extension F ′ of F such that Arthur-Clozel Base change
BCF ′(pi) is not cuspidal, then there exists a totally real quadratic extension E/F and a cuspidal
representation τ of GL2(AE) such that Π = AIEF (τ) where AIEF stands for the automorphic induction.
Note that in general E could be imaginary quadratic extension of F but the regularity condition on
pi implies E is totally real. Observing the conductor of Π there are only finitely many possibilities
of E. Let KΠ be the composite field of all such E’s for Π and put KΠ = F if no such a field exists.
Note that KΠ is a finite extension since the conductor of E divides one of Π. Then we have
Theorem 2.6. For any solvable extension F ′ which is linearly disjoint from KΠ over F there exists
a base change piF ′ to GSp4(AF ′) of pi.
Proof. This follows from Proposition 2.4 of [69]. 
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2.3. Jacquet-Langlands correspondence. Throughout this subsection, we assume that d := [F :
Q] is even. Let B be a definite quaternion algebra such that
B ⊗F R ' Hd, B ⊗ Fv 'F M2(Fv)
for all finite places v. Here H =
(−1,−1
R
)
is Hamilton’s quaternions. We denote by x the usual
conjugation of an element x of B and it is naturally extended on GL2(B). For g ∈ GL2(B) we write
∗g = tg where “t” stands for the transpose. Let us consider an algebraic group GB associating any
F -algebra R with
GB(R) := {g ∈ GL2(B ⊗F R) | ∗gg = µ(g)I2, µ(g) ∈ R×}.
This is an inner form of GSp4/F which is compact modulo the center at infinities and by assumption
we may fix an isomorphism
(2.1) ιv : GB(Fv)
∼−→ GSp4(Fv).
for any finite place v. For integers a, b, c satisfying a ≥ b ≥ 0 we denote by ξa,b,c = νc ⊗ ρa,b
an algebraic representation of GSp4(R) where ρa,b is a unique irreducible representation of highest
weight (a, b) with respect to the restriction to Sp4(R). Note that the central character of ξa,b,c is
given by z 7→ z2c+a+b for z ∈ R×.
For integers m1,m2, w satisfying m1 > m2 > 0 and m1+m2 ≡ w+1 mod 2 the dual of ξδ,m1−2,m2−1
has the same central character of piH(w;m1,m2) or pi
W
(w;m1,m2)
where δ = 12(w + 3−m1 −m2) ∈ Z. For
any automorphic representation Π of GSp4(AF ) or GB(AF ) we denote by ωΠ the central character
of Π and Πf the finite part of Π. For ξδ,m1−2,m2−1 we can associate a unique irreducible algebraic
representation ξJLδ,m1−2,m2−1 of GB(R) whose complexification is isomorphic to those of ξδ,m1−2,m2−1.
The following theorem is stated as Theorem B in [82] which is a part of main results in [81]:
Theorem 2.7. Fix a continuous character ω : F×\A×F −→ C× Keep the notation in Theorem
2.1. Assume that m2,v > 0 for all infinite place v. For each infinite place v fix a member Πv in
Π(φ(w;m1,v ,m2,v)). Then there exists one-to-one correspondence between the following sets:
(1) non-CAP automorphic representations pi′ of GB(AF ) such that ωpi′ = ω and pi′v = ξJLδv ,m1,v−1,m2,v−2
for each infinite place v and
(2) non-CAP automorphic representations pi of GSp4(AF ) such that ωpi = ω and piv = Πv for
each infinite place v.
The correspondence takes pi′ 7→ pi′f⊗
⊗
v|∞
Πv and pi 7→ pif⊗
⊗
v|∞
ξJLδv ,m1,v−1,m2,v−2 under the isomorphism
(2.1).
3. p-adic algebraic modular forms
We keep the notation and the assumptions in Section 2.7 for F and GB. We refer [20] as a quick
reference for the present. In this section we study p-adic algebraic modular forms on GB(AF ). By
passing to Jacquet-Langlands correspondence and mod p algebraic modular forms we will try to
switch a local representation which has an Iwahori fixed vector with some admissible representation
which never has Iwahori fixed vectors. This is a kind of generalization of Lemma 3.1.5 of [63].
Let K be a finite extension of Qp contained in Qp with residue field k and O the ring of integers,
and assume that K contains the images of all embeddings F ↪→ Qp. Fix an maximal order OB of B
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and for each finite place v of F fix an isomorphism OB,v 'M2(OFv). We can also define an integral
model of GB by using OB in a similar manner.
For each v|p let τv be a smooth representation of GSp4(OFv) on a finite free O module Wτv .
Put τ := ⊗v|pτv which is a representation of
∏
v|p GSp4(OFv) acting on Wτ := ⊗v|pWτv . Suppose
ψ : F×\(A∞F )× −→ O× is a continuous character so that for each v|p, ZGB (OFv) ' O×Fv acts on
Wτv by ψ
−1|O×Fv . Note that we put the discrete topology on O
× and therefore such a character is
necessarily of finite order. Let U =
∏
v Uv be a compact open subgroup of GB(A∞F ) ' GSp4(A∞F )
such that Uv ⊂ GB(OFv) for all finite place v and let Uv = GB(OFv) for any v|p. Put Up :=
∏
v|p Uv
and U (p) =
∏
v-p Uv. For any local O-algebra A put Wτ,A := Wτ ⊗O A. Let Σ be a finite set of finite
places of F . For each v ∈ Σ, let χv : Uv −→ A× be a quasi character. Define χΣ : U −→ A× whose
local component is χv if v ∈ Σ, the trivial representation otherwise.
Definition 3.1. (p-adic algebraic (Siegel) modular forms) Let S0,τ,ψ(U,A) denote the space of the
functions f : GB(F )\GB(A∞F ) −→Wτ,A such that
• f(gu) = τ(up)−1f(g) for u = (u(p), up) ∈ U = U (p) × Up and g ∈ GB(A∞F );
• f(zg) = ψ(z)f(g) for z ∈ ZGB (A∞F ) and g ∈ GB(A∞F ).
Similarly, let S0,τ,ψ,χΣ(U,A) denote the space of the functions f : GB(F )\GB(A∞F ) −→ Wτ,A such
that
• f(gu) = χ−1Σ (u)τ(up)−1f(g) for u = (u(p), up) ∈ U = U (p) × Up and g ∈ GB(A∞F );
• f(zg) = ψ(z)f(g) for z ∈ ZGB (A∞F ) and g ∈ GB(A∞F ).
We say a function belongs these spaces a p-adic algebraic modular form.
Let DB be the algebraic group associated to B
×. The similitude µ of GB yields
(3.1) 1 −→ HB −→ GB −→ DB −→ 1.
where HB := Kerµ. Put DU := µ(U). We identify AF with the center of D ⊗F AF . We write
(A∞F )× =
∐
i∈I
F×tiDU for some ti ∈ (A∞F )× and some finite index I. Take a si ∈ GB(A∞F ) so that
µ(si) = tj . Since HB is semisimple we have a decomposition GB(A∞F ) =
∐
i∈I
GB(F )siUZGB (A
∞
F ).
Then we have
(3.2) S0,τ,ψ(U,A)
∼−→
⊕
i∈I
W
(UZGB (A
∞
F )∩s−1i GB(F )si)/ZGB (F )
τ,A , f 7→ {f(si)}i∈I .
As (3.1.2) of [63] we make the following assumption
(3.3) For all s ∈ GB(A∞F ) the group (UZGB (A∞F ) ∩ s−1GB(F )s)/ZGB (F ) has prime to p-order.
The sequence (3.1) induces
(UZGB (A
∞
F ) ∩ s−1HB(F )sZGB (F ))/ZGB (F ) −→ (UZGB (A∞F ) ∩ s−1GB(F )s)/ZGB (F )
(3.4) −→ (DU · ((A∞F )×)2 ∩ F×)/(F×)2.
The first group is finite since HB(R) is compact and clearly the last group is finite 2-group, and
therefore the middle one is also finite. For a finite place v of F we denote by UB,v and U1,v the
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subgroups of GSp4(OFv) consisting of all elements which are congruent to
∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗
 and

1 ∗ ∗ ∗
0 1 ∗ ∗
0 0 1 ∗
0 0 0 ∗

modulo piv respectively. The group UB,v is called Iwahori subgroup. We often identify these groups
with the corresponding subgroups of GB(OFv) under (2.1). The condition (3.3) holds for all suffi-
ciently small U and in fact we have more precise statement as follows:
Lemma 3.2. Assume p > 2. Assume the order of g is prime to 2.
(1) Let v0 be a finite place of F lying over a rational odd prime `. Let K be the extension field
of F obtained by adding all eigenvalues of any element in the group defined in (3.3) which
is of order prime to 2. Put k = [K : F ] and assume Uv0 is contained in UB,v0. If v0 is split
completely in K, ` - k and k - `− 1, then the condition (3.3) holds.
(2) Let v0 be a finite place of F above some rational odd prime ` such that for any non-trivial
roots ζ, ζ ′ of unity in an extension of F of degree 4, ζ + ζ−1 + ζ ′+ ζ ′−1 6≡ 4 mod v0. Assume
that Uv0 is contained in U1,v0. Then the group in (3.3) is trivial.
Proof. Let ζ be a primitive k-th root of unity which belongs to K. Assume that K 6= F . Then the
group defined in (3.3) has a non-trivial element g whose eigenvalues contain ζ. It follows k ≥ 3,
since we do not consider 2-torsion elements. We may also assume g ∈ Uv0 . By assumption, g mod
v0 is upper triangular and its diagonal part is of order k since ` - k. Since v0 is split completely, ζ
mod v0 gives an element in F×` and then k has to divide `− 1 which contradicts the assumption.
For the second claim by (3) we may assume that g belongs to the left hand side of (3.3) since
p 6= 2. Then the trace of g has to be 4 modulo v0 but this is absurd with the assumption. 
Let R be a finite set of finite places of F containing all places ` - p such that Uv 6= GB(OFv). We
define the (formal) Hecke algebra
(3.5) TRA := A[T1,v, T2,v, Sv]v 6∈R∪{v|p}
where Ti,v = [GB(OFv)ι−1v (ti,v)GB(OFv)], Sv = [GB(OFv)ι−1v (diag(piv, piv, piv, piv))GB(OFv)] are Hecke
operators for t1 = diag(1, 1, piv, piv) and t2 = diag(1, piv, piv, pi
2
v). As explained in Section 2.3 of [20]
S0,τ,ψ(U,A) has a natural action of TRA. Let m be a maximal ideal of TRA with residue field a
finite field of characteristic p. We say m is in the support of (τ, ψ) if S0,τ,ψ(U,A)m 6= 0. Let
f ∈ S0,τ,ψ(U,A) be an eigenform for TRA satisfying Tf = aT (f)f for all T ∈ TRA. Then the kernel
of TRA −→ A/mA, T 7→ aT (f) mod mA yields an maximal ideal and we call it the maximal ideal
associated to f .
To switch types of some local representations for a given automorphic representation of GB(AF )
with certain prescribed local representations we make a good use of mod p algebraic modular forms.
We start with the following on the lifting:
Lemma 3.3. Keep the assumption (3.3). Let A be a finite local O-algebra A and I ⊂ A an ideal.
Let ψ be the composition of ψ and A× −→ (A/I)×. Denote by σ a Up-representation of Wσ,A and
write Wσ for Wσ,A/I , and for v|p assume that on Uv ∩ ZGB (Fv), σ is given by ψ
−1
. Let Wτ be
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another Up-module and put Wτ = Wτ ⊗ A/I. Suppose that Wσ occurs as a Up-module subquotient
of Wτ . Then if m is in the support of (σ, ψ), then m is in the support of (τ, ψ).
Proof. It follows from a similar argument of Lemma 3.1.4 of [63] and so omitted. 
Let P1 be the Siegel parabolic group in GSp4 consisting of matrices
(
A ∗
02 νs
tAs
)
. Let P2 be the
Klingen parabolic group in GSp4 consisting of matrices

t ∗ ∗ ∗
0 a b ∗
0 c d ∗
0 0 0 ∆t−1
. Let Pi = MiNi be the
Levi decomposition so that M1 ' GL2×GL1 and M2 ' GL1×GL2 (see p.20 of [73]). Let Bst be the
standard upper Borel subgroup of GSp4. For an irreducible admissible representation pi of GL2(Fv)
and quasi characters χ1, χ2, µ : F
×
v −→ C×. We denote by χ1 × χ2 o µ the normalized induction
Ind
GSp4(Fv)
Bst(Fv)
χ1 ⊗ χ2 ⊗ µ. Similarly pi o µ and µo pi the normalized inductions IndGSp4(Fv)P1(Fv) pi ⊗ µ and
Ind
GSp4(Fv)
P2(Fv)
µ⊗ pi respectively. For these we followed the notation of [73]. Note that
(3.6) χ1 × χ2 o µ = pi(χ1, χ2)o µ = χ1 o pi(χ2µ, µ)
where pi(χ1, χ2) = Ind
GL2(Fv)
BGL2 (Fv)
χ1 ⊗ χ2.
Henceforth we denote by v a finite place of our totally real field F . For any irreducible admissible,
infinite-dimensional representation pi of GL2(Fv) and a quasi character σ : F
×
v −→ C× let Π1(pi, µ) :=
G(| · |
1
2
v pi, | · |−
1
2
v µ) be a unique generic quotient of | · |
1
2
v pi o | · |−
1
2
v µ (cf. [76],[73]). Similarly we define
Π2(pi, µ) as a unique generic quotient of µopi or µ| ∗ |vo | ∗ |−
1
2
v pi when pi is supercuspidal. According
to the notation in [73] such a representation is labeled as one of types (IIa), (Va), (VIa), (XIa) for
Π1(pi, µ) and (VII), (VIIIa), (IXa) for Π2(pi, µ). Note that we arrow a non-trivial central character for
the representations and such a representation have handled completely in [76]. In our purpose we will
focus only on the types (XIa),(VII),(VIIIa),(IXa) and pi is a dihedral supercuspidal representation
of depth zero. For P = Pi we denote by KP the Siegel parahoric subgroup of GSp4(OFv) which
consists of all elements whose reduction modulo $v belong to P (Fv). We also define the subgroup
K+P of KP which consists of all elements whose reduction modulo $v belong to Ni(Fv) (cf. p.151 of
[74]). For any irreducible admissible representation Π = (Π, V ) of GSp4(Fv) as in Section 2.1 of [74]
we define the parahoric restriction for KP by
rKP (Π) := (Π|KP , V K
+
P ).
For GLn we also define the parahoric restriction rn for Kn = GLn(OFv) and K+n := In+pivMn(OFv)
in a similar manner (cf. Section 2 of [74]). By definition we also have a representation of KP /K
+
P '
GL2(Fv)× F×v acting on V K
+
P and denote it by the same symbol.
Lemma 3.4. Let pi be a supercuspidal representation of GL2(Fv) of depth zero and µ a quasi char-
acter. Then
(1) The parahoric restrictions of Π1(pi, µ) for KP1 is given by r2(pi)× r1(µ) and
(2) the parahoric restrictions of Π2(pi, µ) for KP2 is given by r1(µ) × r2(pi) when Π2(pi, µ) is of
type (VII) or (IXa) and r1(µ)×r2(pi)+r1(µ−1)×r1(µ)r2(pi) when Π2(pi, µ) is of type (VIIIa).
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Proof. See the third column of Table 5 in p.158 of [74] for (XIa) and Table 6 in loc.cit. for (VII),
(VIIIa) and (IXa). 
Let Π be an irreducible admissible representation of GSp4(Fv) and ρΠ := rec
GT
v (Π) : WFv −→
GSp4(C) be the corresponding representation of the Weil group WFv under the local Langlands
correspondence due to Gan-Takeda [28]. We say Π is potentially good if there exists a finite extension
E of Fv such that ρΠ|IE is trivial where IE is the inertia subgroup in WE . We define three monodromy
matrices Ni, i = 1, 2, 3 as in p.660 of [83]. We say Π is of type Ni if the monodromy operator of ρΠ
is conjugate (in GSp4(C)) to Ni for some i.
Lemma 3.5. (Corollary 1 of [83]) Keep the notation as above. Then Π is not potentially good if
and only if Π is Iwahori-spherical and ramified. In this case it holds that Π is of type
N1 if pi is of type (IIa)
N2 if pi is of type (IIIa),(Va),or (VIa)
N3 if pi is of type (IVa)
.
Definition 3.6. Let Π be an irreducible admissible representation of GSp4(Fv). Then we say Π is
unipotent of type Ni for some 1 ≤ i ≤ 3 if Π is of type Ni.
Let us fix a sufficiently large extension E of Fv. We denote by FE the residue field of E. Fix
ιE : E ↪→ C.
Proposition 3.7. Let Π be an admissible representation which is not potentially good. Let P be P1
or P2. It holds that
(1) there exists a OE-lattice W (Π) for each constituent of rKP (Π);
(2) for any constituent σ of W (Π) ⊗ FE and each i ∈ {1, 2} there exists a principal series
or depth zero supercuspidal representation pi (in fact, either representation can occur) of
GL2(Fv), a quasi character µ : F
×
v −→ C×, and a OE-lattice W (Πi(pi, µ)) of a constituent
of rKP (Πi(pi, µ)) so that σ occurs in W (Πi(pi, µ)) ⊗ FK as a KP /K+P -module subquotient.
Furthermore, pi can be a dihedral supercuspidal representation for an unramified quadratic
extension Mv/Fv.
Proof. We only consider the case of P = P1 and the other case is almost identical. We will find pi
and µ which satisfy both of (1) and (2). By Corollary 3.5 we have only to consider the five cases as
shown there. In the case of (IIa) we write Π = Π1(µ1St o µ0) for some quasi characters µ0, µ1 of
F×v . By Table 5 of [74] we have, as a representation of KP /K
+
P = GL2(Fv)× Fv,
(3.7) rKP (pi) = µ˜1St µ˜0 + µ˜−11 St µ˜0µ˜21 + (µ˜1 × µ˜−11 ) µ˜0µ˜1
where µ˜i := r1(µi). for i = 1, 2, 3 we denote by Wi i-th component of the above decomposition of
rKP (pi). Enlarging E if necessary we may assume that Wi has a OE-lattice Li such that Li⊗OE ,ιEC =
Wi. For W1,W2 applying a proof of Lemma 3.1.5 of [63] (take m = 1 in the construction of θ) there
exists a dihedral, depth zero supercuspidal representation pi of GL2(Fv) for an unramified quadratic
extension Mv/Fv and a quasi character µ of F
×
v so that a cuspidal GL2(OFv)-type contains OE-free
submodule W such that Li⊗OE FE occurs W ⊗OE FE and also rKP (Π1(pi, µ)) has a OE-lattice whose
reduction contains Li ⊗OE FE .
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For W3 there are three kinds of constituents W3-(1) a twist of 1-dimensional representation (when
µ˜1 = µ˜
−1
1 ), W3-(2) a twist of Steinberg representation (when µ˜1 = µ˜
−1
1 ), and W3-(3) an irreducible
principal representation (when µ˜1 6= µ˜−11 ) (cf. Section 3.1 of [19]). Let L3 be a OE-lattice of W3.
For the first two cases by Lemma 3.1.5 of [63] and its proof we would find a supercuspidal
representation pi of GL2(Fv) of depth zero and a quasi character µ of F
×
v which satisfy a similar
property. For the third case we would find a principal representation pi = pi(µ1, µ2) of GL2(Fv) so
that
Π := | · |
1
2
v pi o | · |−
1
2
v µ0 = | · |
1
2
v µ1 × | · |
1
2
v µ2 o | · |−
1
2
v µ0
(see (3.6) for the second equality) and rKP (Π) has a OE-lattice whose reduction contains a con-
stituent of L3 ⊗OE FE . Similarly we can find pi and µ for other remaining cases by using Table 5 of
[74]. 
Remark 3.8. In the construction of Πi(pi, µ) for i = 1, 2 in Proposition 3.7 for which pi is a principal
representation as in the case W3-(3) in the proof there, one can easily check that Πi(pi, µ) is ordinary.
4. Some local deformation rings for GSp4 and GL4
In this section, we will study some local deformation rings for GSp4 with prescribed local defor-
mation datum. To apply the results in Section 3 of [6], we also discuss the relation between local
deformations for GSp4 and those of GL4. The contents should be handled in more general settings
but to avoid an excessive digression we focus only on GSp4. We refer [68], [15] for the general case
and Section 7.2 of [36] for GSp4. We normalize the definition of Hodge-Tate weights so that all the
Hodge-Tate of p-adic cyclotomic character are 1. This normalization is different from the convention
in Section 7.
Let p > 2 be a prime. Let K and M be finite extensions of Qp with residue fields FM ,FK
respectively . We assume that K contains any embedding of M into K. We denote by CLNOK the
category of complete local Noetherian OK-algebras with local homomorphisms ιB : B −→ FK . Let
ρ : GM −→ GSp4(FK)
be a continuous representation. As in Section 7.2 of [36] let us consider the framed deformation
functor for ρ from CLNOK to the category of sets defined by corresponding B with the set of triples
(VB, βB, αB) such that
(1) VB is a free B-module of rank 4 with a continuous B-linear action of GM ,
(2) αB is a perfect symplectic pairing VB × VB −→ B which satisfies that for any g ∈ GM ,
αB(gx, gy) = λ(g)αB(x, y) for some λ(g) ∈ B× ,
(3) βB = {β1, β2, β3, β4} is a symplectic basis with respect to αB which means (αB(βi, βj))i,j =
λJ for some λ ∈ B×, and
(4) (VB, βB, αB)⊗B,ιB FK = ρ.
As explained in Section 7.2 of [36] this functor is representable and we denote it by R2,symplρ and the
associated universal symplectic lifting:
ρ2,sympl : GM −→ GSp4(R2,symplρ ).
Fix a continuous character ψ : GM −→ O×K . By replacing the above deformation condition (2)
with “(2)’ for any g ∈ GM , αB(gx, gy) = ψ(g)αB(x, y)”, we also have a universal deformation
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ring R2,sympl,ψρ which is a quotient of R
2,sympl
ρ and also the corresponding universal symplectic lift
ρ2,sympl,ψ : GM −→ GSp4(R2,sympl,ψρ ).
By the natural inclusion GSp4 ⊂ GL4, we can also view ρ as a representation of GM which takes
the values in GL4(FK). As explained in Section 3.1.5 of [6], there exists a universal deformation
ring R2ρ which represents the deformation functor from CLNOK to the category of sets which takes
A ∈ CLNOK to the set of continuous lifting ρ : GM −→ GL4(A) of ρ. We write ρ2 : GM −→ GL4(R2ρ )
for the universal ring. It is immediate that R2,symplρ is a quotient of R
2
ρ . Hence SpecR
2,sympl
ρ is a
closed subscheme of SpecR2ρ .
From now on we assume that a fixed character ψ is crystalline. Let λ be an element of (Z4+)Hom(M,K)
and let vλ be the associated p-adic Hodge type (see (2.6), p.531 of [64] or Definition 3.1.6 of [36]). As
explained in p.282 of [36] there is a unique p-torsion free quotient Rsympl,vλ,cr,ψρ of R
2,sympl,ψ
ρ with the
property that for any finite K-algebra B, a homomorphism of OK-algebra B −→ R2,sympl,ψρ factors
through Rsympl,vλ,cr,ψρ if and only if the corresponding representation is crystalline of p-adic Hodge
type vλ. We also denote by ρ
sympl,vλ,cr,ψ : GM −→ GSp4(Rsympl,vλ,cr,ψρ ) the corresponding universal
symplectic lift. Let Rvλ,crρ be a unique p-torsion free quotient of R
2
ρ (see Definition 3.1.2, p.1536 of
[6]) and any connected component of SpecRvλ,crρ is known to be irreducible by Theorem 1.2 of [53]
provided if p > 2.
Let
r : GM −→ GL2(FK)
be a continuous Galois representation of dimension 2. By the proofs of Theorem 2.7.6 and Corollary
2.7.7 of [64] there is the framed crystalline deformation ring
(4.1) R = R
[0,1],K
cris
of r. We denote by r : GM −→ GL2(R) the universal lift of r and rB its base change for any object B
of CLNOK . As explained in Remark 2.1.2 of [61] its the generic fiber is related to Kisin’s flat (framed)
deformation ring Rfl,2r defined in [63] (see (2.3.7) in loc.cit.). Hence (R
fl,2
r ⊗ˆW (FK)OK)[1p ] ' R[1p ].
Let P1 (resp. P2) be Siegel (resp. Klingen) parabolic subgroup in GSp4. For each Pi (i =
1, 2), let Fi be a flag variety over OK whose A-valued points for any OK-algebra A consists of
(VA, αA, {Fil(i)j }j∈Z) where (VA, αA) is the same as above and {Fil(i)j }j∈Z is a filtration with respect
to Pi. For P1 it is an increasing filtration
(4.2) 0 = Fil
(1)
0 ⊂ Fil(1)1 ⊂ Fil(1)2 = VA
by locally free submodules which, locally, are direct summands and the rank of Fil
(1)
1 is 2. For P2 it
is a similar increasing filtration
(4.3) 0 = Fil
(2)
0 ⊂ Fil(2)1 ⊂ Fil(2)2 ⊂ Fil(2)3 = VA
but the rank of Fil
(2)
1 is 1 and the rank of Fil
(2)
2 is 3.
Henceforth we assume that λ = 0. For j = 1, . . . , 4, let χ0j : IM −→ O×K be the character
defined in Definition 3.1.2 of [36] which can be though as the restriction of any crystalline character
GM −→ K× whose Hodge-Tate weight with respect to τ : M ↪→ K is given by j − 1.
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Let v0 = vλ with λ = {(3, 2, 1, 0)}Hom(M,K). For i = 1, 2 let Gi be a subfunctor of the functor
defined by the scheme
(4.4) Fi ×SpecOK SpecRsympl,v0,cr,ψρ ×SpecOK SpecR
whose B-valued points for any object B in CLNOK correspond to B-valued points (VB, βB, α, rB) of
SpecRsympl,v0,cr,ψρ ×SpecOK SpecR such that
(1) {Fil(i)j }j∈Z is preserved by the action of GM ;
(2) for F1, gr(1)2 = rB and {β3, β4} modulo Fil(1)1 is the frame of rB. Note that the perfect pairing
αB induces a canonical isomorphism (gr
(1)
1 )
∨(3) ' gr(1)2 ;
(3) for F2, IM acts on gr(2)1 and gr(2)3 via χ04 and χ01 respectively, and gr(2)2 (−1) = rB. Further
{β2, β3} modulo Fil(2)2 is the frame of rB.
Lemma 4.1. Keep the notation above. Then Gi is representable by a closed subscheme of Fi×SpecOK
SpecRsympl,v0,cr,ψρ ×SpecOK SpecR for each i = 1, 2.
Proof. We follow the proof of Lemma 2.1.2, p.51 of [38]. We only consider the case of F1 and the
other case is similarly handled.
Put R˜ = Rsympl,v0,cr,ψρ ⊗OK R. Let 0 = Fil(1)0 ⊂ Fil(1)1 ⊂ Fil(1)2 = VR˜ be a filtration of free modules
over R˜ with respect to F1. Let βR˜ = {β1,R˜, β2,R˜, β3,R˜, β4,R˜} be the symplectic basis with respect to
α
R˜
obtained by the base change of β
R
sympl,v0,cr,ψ
ρ
and α
R
sympl,v0,cr,ψ
ρ
to R˜. For i = 3, 4 put β˜
i,R˜
= β
i,R˜
modulo Fil
(1)
1 . We view rR : GM −→ GL2(R) as a matrix representation and let it naturally act
on gr
(1)
2 by (β˜3,R˜, β˜4,R˜)rR(σ) for all σ ∈ GM . Then if we denote by I the ideal of R˜ generated by
coefficients (in front of the fixed basis above) of
(β˜
3,R˜
, β˜
4,R˜
)rR(σ)− (β˜3,R˜, β˜4,R˜)ρsympl,vλ,cr,ψ(σ) for all σ ∈ GM ,
the quotient R˜/I gives the desired closed subscheme. 
Let V be a connected component of SpecR and we denote by R˜V the base change of R˜ to V.
Similarly we define Gi,V as the base change of Gi to V. Let RPi,crρ be the ring whose spectrum
SpecRPi,crρ is the scheme theoretic image of the morphism
Gi,V [1/p] −→ Spec R˜V .
The following is an extension of Lemma 2.4.2 of [38].
Proposition 4.2. Assume that ρ is trivial. Then the scheme Gi,V [1/p] is connected.
Proof. Let x be a closed point of Gi,V [1/p]. We denote by Fil(i)x the corresponding filtration. Let E be
the residue field of x and also by ρx the corresponding representation of GM . Choose g ∈ GSp4(OE)
such that gFil
(i)
St = Fil
(i)
x where Fil
(i)
St is the standard filtration with respect to the parabolic subgroup
Pi. Then ρ
′ = g−1ρxg takes the values in Pi(E) such that the Levi-part is rx for i = 1 and
(χ4,x, , rx, χ1,x) for i = 2 where χj,x : GM −→ E× is a crystalline character which acts on IM as χ0j
for j = 1, 4.
Let A be the mOE -adic completion of Γ(SpecGSp4/OE ,OSpec GSp4/OE )[t]. Put d1 = diag(t, t, 1, 1)
and d2 = diag(t
2, t, t, 1) which are elements in GSp4(A[1/t]). Then by a direct computation one can
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check that ρ′t := diρ′d
−1
i takes the values in Pi(A) and further ρ
′
0 = (rx)
∨(3) ⊕ rx for i = 1 and
ρ′0 = χ4,x ⊕ rx(1)⊕ χ1,x for i = 2.
For a ∈ GSp4(A) we define ρ′a,t := aρ′ta−1. Then the family {ρa,t} defines SpecA −→ Gi,V
since the reduction of ρa,t modulo mA is trivial representation ρ. The image of the closed point of
SpecA[1/p] corresponding to a = g and t = 1 is x while the image of the closed point of SpecA[1/p]
corresponding to a = 14 and t = 0 is ρ
′
0 as observed. Since A is domain, the point corresponds to
ρ′0 and x must lie in a common irreducible component. Finally rx lie in the connected component V
and it is the same for χ0j by the description of universal character (cf. p.49 of [38]). This completes
the proof. 
Recall that Gi,V [1/p] is also a closed subscheme of SpecRv0,crρ since Rv0,crρ is p-torsion free.
Proposition 4.3. Keep the notation in Proposition 4.2. Then any two geometric points x1 =
SpecE1, x2 = SpecE2 on Gi,V [1/p] with Ei a finite extension of K for i = 1, 2 lie on a common
irreducible component of SpecRv0,crρ .
Proof. We may assume that E1 = E2 by enlarging the coefficient fields if necessary. By Proposition
4.2, x1, x2 is connected by irreducible components V1, . . . , Vr for some r ≥ 1 such that Vi ∩ Vj 6= ∅.
Let Wi be an irreducible component of SpecR
v0,cr
ρ containing Vi. Obviously, the union
⋃r
i=1Wi is
connected. However any connected component of SpecRv0,crρ is irreducible by Theorem 1.2 of [53].
Hence there exists i0 with 1 ≤ i ≤ r such that x1, x2 lie on Wi0 . 
Remark 4.4. For the two points x1, x2 in Proposition 4.3, enlarging coefficients if necessary, ρx1 ∼
ρx2 in the sense of Definition 3.1.4 of [6] where ρxi is the lift of ρ corresponding to xi for i = 1, 2.
5. Cuspidal representations of weight zero
Let pi be a regular cuspidal automorphic representation of GSp4(AF ) in Section 2.1 and ρpi,ιp the
associated p-adic Galois representation. We denote by ρpi,ιp the reduction of ρpi,ιp . We say pi is of
weight zero if any infinite component of pi has L-parameter φ(w;2,1) for a fixed w. In this section when
p is split completely in F , we try to find another cuspidal automorphic representation pi′ such that (1)
ρpi′,ιp ' ρpi,ιp up to twist and (2) pi′ is of weight zero. A key ingredient is a vanishing theorem in [17]
and an idea borrowed from the proof of Theorem 5.4.1, p.1058 of [78]. As in Scholze’s paper, by using
group cohomology, we will find a cuspidal representation which contributes to the cohomology of the
top degree with the trivial torsion coefficient. The vanishing theorem of [17] which we will apply is
about the compact supported cohomology. However, under the assumption of the irreducibility of
ρpi,ιp , we will see there is no difference between these cohomologies after the localization with respect
to ρpi,ιp . Hence we will have the vanishing of cohomologies of higher degrees and it guarantees the
existence of a lifting of Hecke eigensystem whose corresponding cuspidal representation is of weight
zero as desired.
Let us prepare some notation according to [92] (see Section 1.2 there). Let G = ResF/Q(GSp4/F )
and (G,D) be the Shimura datum associated to G where D = Hd2 with d = [F : Q] and H2 the Siegel
upper half space of degree two. Since we will apply the main result of [17], throughout this section,
we will assume that our odd prime p is split completely in F . For each open compact subgroup U
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of G(Af ) we define the Shimura variety
XU (C) := G(Q)+\D ×G(Af )/U '
∐
i∈I
XΓi , XΓi := Γi\D
where G(Af ) =
∐
i∈I G(Q)+giU and Γi = (giUg
−1
i )∩G(Q)+. For any U -module R, we consider the
sheaf R˜ of the locally constant sections of the covering
(5.1) G(Q)+\D ×G(Af )×R/U −→ XU (C), ((Z, gf ), r) 7→ (Z, gf )
where the action for the covering is given by γ((Z, gf ), r)u = ((γZ, γgfu), u
−1r) for r ∈ G(Q)+, u ∈
U, and ((Z, gf ), r) ∈ D × G(Af ) × R. In what follows we assume that U is neat. Since XΓi is a
K(pi, 1)-space of Γi, there is a canonical isomorphism
H∗(XU (C), R˜) '
⊕
i∈I
H∗(Γi, R).
Here Γi acts on R by g · r = (g−1i ggi)r.
Let pi be an automorphic cuspidal representation of GSp4(AF ) whose infinite components are
all piH(w;m1,m2) or pi
W
(w;m1,m2)
given in Section 2.1. Assume that pi is neither CAP nor endoscopic.
Hence it is stable. Thanks to [37], as explained in Section 1.3 of [77], one can freely switch the
members of each local packet. In particular, there exists pi′ an automorphic cuspidal representation
of GSp4(AF ) such that pi′f ' pif and both of pi′v and piv are in the same L-packet for each infinite
place v of F . Therefore, we may assume that piv is the holomorphic discrete series representation
whose L-parameter is given by piH(w;m1,v ,m2,v). Recall the highest weight k = {(k1,v, k2,v)}v∈Hom(F,R) =
{(m1,v +1,m2,v +2)}v∈Hom(F,R) and it satisfies k1,v ≥ k2,v ≥ 3. Since p is odd and is split completely
in F , it is a good prime in the sense of Kai-Wen Lan [66] and the assumptions in [17] are fulfilled.
Let Kp be an open compact subgroup of G(Ap) so that pi has a Kp-fixed vector. Assume that pi is
unramified at p. As in [17], we fix an integral model GZp of G. Let B be the upper Borel subgroup
of GZp and B = TU be the Levi decomposition. Let U1,p be the open compact subgroup consisting
of elements in G(Zp) which belongs to U(Fp) modulo p. Put K = KpU1,p.
Proposition 5.1. Keep the notation being as above. Then H3d(XK(C),Zp) is torsion free and the
natural map H3dc (XK(C),Z) −→ H3dc (XK(C),Z/pZ) is surjective.
Proof. By Theorem 1.1 of [17], H ic(XK(C),Z/pZ) = 0 for i > 3d. The universal coefficient theorem
and Poincare´ duality yield
0 −→ H ic(XK(C),Z)⊗ Z/pZ −→ H ic(XK(C),Z/pZ) −→ Tor(H i+1c (XK(C),Z),Z/pZ) −→ 0.
If i > 3d, then H ic(XK(C),Z) ⊗ Z/pZ = 0 and hence H ic(XK(C),Z) is p-torsion free. Applying
i = 3d to the exact sequence, we have that H3dc (XK(C),Z)⊗Z/pZ ' H3dc (XK(C),Z/pZ). The claim
follows from this. 
To construct an automorphic lifting of weight zero for a given automorphic mod p Galois repre-
sentation, we borrow an idea from the proof of Theorem 5.4.1 of [78].
Theorem 5.2. Let pi be as above. Assume that ρpi,ιp is irreducible and p is split completely in F .
Then there exists a cuspidal automorphic representation pi′ of GSp4(AF ) such that
(1) pi′ is of weight zero;
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(2) ρpi,ιp ' ρpi′,ιp.
Proof. Let ξ be the algebraic representation of G/OF whose highest weight is given by k and its
representation space Mξ is a free Zp-module. Let Mξ = M˜ξ be the corresponding local system on
XK(C) defined in (5.1). Since pi is a cohomological automorphic representation, it contributes to
H3d(XK(C),Mξ ⊗ Fp) =
⊕
i∈I H
3d(Γi,Mξ ⊗ Fp) via the reduction map. Since Γi acts on Mξ ⊗ Fp
unipotently, it can be understood as a successive extension of the trivial representation. Hence
there exists a Hecke eigen class F of H3d(XK(C),Fp) whose eigen system corresponds to ρpi,ιp . Let
XK(C)BS be the Borel-Serre compactification and ∂XK(C)BS = XK(C)BS \XK(C) its boundary. As
explained in Section 5.1, the irreducibility of ρpi,ιp implies that F comes from H
3d
c (XK(C),Fp) since
ρ has to be irreducible if the class F comes from the boundary. In fact, we argue that F is liftable
to a non-torsion element of H3d(XK(C),Zp) and Lemma 6.11 of [21], it extend to a non-zero Hecke
eigen class of H3d(XK(C),C). If it comes from the boundary, by the classification of [44],[45], ρ has
to be reducible by comparing Hecke eigenvalues. This contradicts the irreducibility of ρpi,ιp .
By using the flat base change to Fp/Fp and Theorem 5.1, there exists a torsion free lift F˜ of
F to H3dc (XK(C),Zp). By Lemma 6.11 of [21] again, F˜ can be a Hecke eigen class such that the
corresponding mod p Galois representation is equivalent to ρpi,ιp . 
6. Serre weights and algebraic modular forms over p-adic rings
Basically we follow the notation in [50]. Let B be the upper Borel subgroup of GSp4/Z and
T = {t = diag(t1, t2, νt−12 , νt−11 ) | t1, t2, ν ∈ GL1} be the diagonal torus in B. Let p be an odd prime
number which is split completely in F . Let X(T ) be the group of characters of T . We identify it
with the sub-lattice of Z3 consisting of (a, b, ; c) ∈ Z3 with a+ b ≡ c mod 2 by the formula
λ = λ(a,b,;c) : t = diag(t1, t2, νt
−1
2 , νt
−1
1 ) 7→ ta1tb2ν
c−a−b
2 .
Put X(T )+ = {λ = (a, b, c) ∈ X(T ) | a ≥ b ≥ 0}. As in De´finition 4.4 of [50] we define the set of
p-restricted weights by
X1(T ) = {λ = (a, b, c) ∈ X(T ) | 0 ≤ a− b < p, 0 ≤ b < p}
and also the set of p-regular weights by
X1(T ) = {λ = (a, b, c) ∈ X(T ) | 0 ≤ a− b < p− 1, 0 ≤ b < p− 1}
with the subgroup X0(T ) = {(0, 0; c) | c ∈ 2Z}.
Definition 6.1. For each place v above p Serre weights for GSp4(Fv) are irreducible representations
of GSp4(Fv) over Fp.
We view GSp4 and its algebraic subgroups as algebraic groups over Fv = Fp. For λ = (a, b; c) ∈
X(T )+ the dual Weyl GSp4-module is defined by W (λ)Fp = Ind
GSp4
B− (Fp(λ)) where B
− is the opposite
of B. The maximal semisimple GSp4-submodule of W (λ)Fp is denoted by F (λ) := socGSp4(W (λ)Fp)
which is isomorphic to a simple GSp4-module of highest weight λ.
Proposition 6.2. (Proposition 4.5 of [50]) Any Serre weight is isomorphic to F˜ (λ) := F (λ)|GSp4(Fp)
for some λ ∈ X1(T ) and vice versa. For λ, λ′ ∈ X1(T ), F˜ (λ) ' F˜ (λ′) if and only if λ − λ′ ∈
(p− 1)X0(T ).
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The relation between p-adic algebraic modular forms, their mod p reduction, and Serre weights
will be revealed as follows.
In what follows, we assume that [F : Q] is even until we make any change for F . Let B be a
definite quaternion algebra introduced in Section 2.7. The symbol B should not be confused with
the upper Borel subgroup. Let E be a finite extension of Qp in the setting of Section 3. Fix an
embedding E ↪→ C. Let Sp be the set of all places above p. For λ = (λv)v|p ∈ (X(T )+)Sp with
(6.1) λv = (m1,v − 2,m2,v − 1;m1,v +m2,v − 3),
we define τalg := W (λ)OE =
⊗
v|p
Ind
GSp4
B− (OE(λv)). By (3) in p.40 of [54] τalgC := W (λ)OE ⊗ C '⊗
v|p
ξm1,v+m2,v−3,m1,v−2,m2,v−1 ⊗ C as an algebraic representation of
∏
v|pGB(C) =
∏
v|p GSp4(C).
Therefore we may view W (λ)OE ⊗ C as a representation of GB(F ⊗Q R) via GB(F ⊗Q R) ↪→∏
v|pGB(C) =
∏
v|p GSp4(C). Indeed we may also write W (λ)OE ⊗C = ξJLm1,v+m2,v−3,m1,v−2,m2,v−1⊗
C as a representation of GB(F ⊗Q R). Recall a smooth representation Wτ over OE of Up :=∏
v|p GSp4(OFv) and a compact open subgroup U of GB(A∞F ) in Section 3. Let us consider ρ =
(W (λ)OE ⊗E)⊗EWτ which is regarded as a representation of Up×GB(F ⊗Q R). Put ρC = ρ⊗E C
and denote by ρ∗C the C-linear dual of ρC. Choose a compact open subgroup U ′ of GB(A∞F ) so that
U ′v = Uv if v - p and U ′v ⊂ Uv acts trivially on Wτ if v|p. We denote by C∞(GB(F )\GB(AF )/U ′)
the space of smooth C-valued functions on GB(F )\GB(AF ) which are invariant on the left by U ′.
Then the map
(6.2) A : S0,ρ,ψ(U,E) −→ HomGB(F⊗QR)(ρ∗C, C∞(GB(F )\GB(AF )/U ′))
defined by
f 7→ [w 7→ (g = gfg∞ 7→ w(τalgC (g∞)−1τalgC (gp)f(gf)))]
where gp is the p-component of the finite part gf of g ∈ GB(AF ). Note that we view ρ as the
smooth representation ρ|Up of Up to define S0,ρ,ψ(U,E). This map is TRE-equivariant and injective.
Then for a cuspidal representation pi′ of GB(AF ), it is generated by A(f) for some Hecke eigen
form f ∈ S0,ρ,ψ(U,E) for sufficiently large U and E if and only if pi′∞ is isomorphic to W (λ)OE ⊗
C = ξJLm1,v+m2,v−3,m1,v−2,m2,v−1 ⊗ C and pi′p := ⊗v|ppi′v contains Wτ ⊗E C as a representation of Up.
Furthermore if pi is not a CAP representation, one can correspond a regular cuspidal representation
pi of GSp4(AF ) such that piv belongs to the L-packet associated to φm1,v+m2,v−3,m1,v−2,m2,v−1 for each
v|∞ and the same condition for the p-component pip = ⊗v|ppiv.
On the other hand by Proposition-(b) in 4.18, p.57 of [54] we have W (λ)OE ⊗ Fp ↪→
⊗
v|p
W (λv)Fp
and the image coincides with F (λ) :=
⊗
v|p
F (λv) since F (λv) is a simple GSp4/Fp-module. Therefore
we may view any Serre weight as a representation of GSp4(OFv) via the reduction map GSp4(OFv) −→
GSp4(Fp). We define the space of mod p algebraic modular forms of weight F (λ) by S0,F (λ),ψ(U,Fp).
By (3.2) and Lemma 3.2 the reduction map S0,F (λ),ψ(U,OE) −→ S0,F (λ),ψ(U,Fp) is surjective if U
is sufficiently small. Then by passing to via Jacquet-Langlands correspondence for any TROE -eigen
form h in S0,F (λ),ψ(U,Fp) which can be liftable to characteristic zero (this is always true for suffi-
ciently small U) one can associate h with a mod p Galois representation ρh,p : GF −→ GSp4(Fp) via
Jacquet-Langlands correspondence.
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Definition 6.3. (1) An irreducible representation over Fp of
∏
v|p GSp4(Fv) is called a Serre
weight. It is of form F˜ (λ) :=
⊗
v|p
F˜ (λv) such that F˜ (λv) is a Serre weight for each v|p.
(2) A mod p irreducible Galois representation ρ : GF −→ GSp4(Fp) is said to be automorphic
of weight F˜ (λ) if there exists a mod p algebraic modular forms h in S0,F (λ),ψ(U,Fp) for a
sufficiently small U with Up '
∏
v|p GSp4(OFv) satisfying the finiteness condition (3.3) such
that ρ is equivalent to ρh,p.
(3) For a mod p irreducible Galois representation ρ : GF −→ GSp4(Fp), we define the set W (ρ)
consisting of all Serre weights F˜ (λ) such that ρ is automorphic of weight F˜ (λ) in the above
sense.
We now turn to the case when F is any totally real field but our prime p is split completely in F .
When [F : Q] is odd, we do not have any satisfactory result for Jacquet-Langlands correspondence
except for F = Q (see [52] in this case). To avoid it naively, we use the base change which is now
available gratifyingly.
Definition 6.4. Let F be a totally real field and p be a prime which is split completely in F . Let
ρ : GF −→ GSp4(Fp) be a mod p irreducible automorphic Galois representation. We define the set
IBC(ρ) consisting of all finite solvable extension L/F of totally real fields such that [L : Q] is even, p
is split completely in L, and L is linear disjoint from F
Ker(ρ)
(ζp) over F . Then for each L ∈ IBC(ρ),
if ρ comes from a regular cuspidal automorphic representation pi of GSp4(AF ), then the base change
BCL/F (pi) to GSp4(AF ) does exist by Section 2.2. For any non-empty subset I ⊂ IBC(ρ), we define
the collection of the Serre weights for a family:
WI(ρ) =
⋃
L∈I
W (ρ|GL).
Definition 6.5. Let ρ : GF −→ GSp4(Fp) be a mod p irreducible automorphic Galois representation.
Let I be a non-empty subset of IBC(ρ). For each L ∈ I, we define the set Wcris(ρ|GL) (resp.
Wpd−cris(ρ|GL)) consisting of all Serre weights F˜ (λ) such that for each place v lying over p, ρ|GL,v
has a crystalline (resp. potentially diagonalizable, crystalline) lift of Hodge-Tate weights
{0,m2,v,m1,v,m2,v +m1,v}
corresponding to λ via (6.1). For ∗ ∈ {cris, pd− cris}, put W∗,I(ρ) =
⋃
L∈IW∗(ρ|GL) Clearly
Wpd−cris(ρ|GL) ⊂Wcris(ρ|GL) and accordingly Wpd−cris,I(ρ) ⊂Wcris,I(ρ).
According to Toby Gee’s philosophy in Serre conjecture in terms of crystalline lifts given in Section
4 of [33] we formulate a kind of Serre’s weight conjecture as follows:
Conjecture 6.6. Let ρ : GF −→ GSp4(Fp) be a mod p irreducible automorphic Galois representa-
tion. For any non-empty subset I ⊂ IBC(ρ), it holds that
WI(ρ) = Wpd−cris,I(ρ) = Wcris,I(ρ).
Remark 6.7. Keep the notation as above. Obviously,
WI(ρ) ⊂Wcris,I(ρ).
Hence the relations
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• WI(ρ) = Wpd−cris,I(ρ);
• Wpd−cris,I(ρ) = Wcris,I(ρ)
imply the conjecture here. The first claim follows from Theorem 1.3 under a mild condition for ρ.
The second claim has been remained to be open except for a few cases though it is believed to be true
in general.
7. Main results
In this section we prove main results which show the existence of a potentially ordinary lift for
a given automorphic mod p Galois representation which satisfy the adequacy condition. As in
Lemma 6.1.1 of [6], we first construct a non-ordinary lift whose local property is easy to handle
in conjunction with the study of the local deformations done in Section 4. In most recent articles
regarding automorphic lifting theorems, the symbol F is denoted to be a CM field while F+ stands
for a totally real field. We follow this convention.
Lemma 7.1. (the existence of a potentially non-ordinary lift) Let F+ be a totally real field and p be
an odd prime which is split completely in F+. Let ρ : GF+ −→ GSp4(Fp) be an automorphic mod p
Galois representation such that ρ|GF+(ζp) is irreducible and ρ(GF+(ζp)) is adequate. Then there exists
a finite solvable extension L+ of F+ such that
(1) ρ|GL+(ζp) is irreducible and ρ(GL+(ζp)) is adequate;
(2) ρ|G
L+v
is trivial for all places v|p of L+;
(3) for each place v|p, [L+v : Qp] ≥ 2;
(4) there exists a cuspidal automorphic representation pi of GSp4(AL+) of weight zero such that
(a) ρpi,ιp ' ρ|GL+ ,
(b) pi is unramified at all finite places,
(c) for all places v|p of L+ and a fixed i ∈ {1, 2}, ρpi,ιp |G
L+v
is non-ordinary, but Klingen
ordinary in the sense of [92] and further it gives an O-valued point of the scheme (4.4)
for Pi and for the integer ring O of a suitable finite extension of Qp.
Proof. By Theorem 5.2, there exists a cuspidal automorphic representation pi of GSp4(AF+) of weight
zero such that ρ ' ρpi,ιp .
Let r = ρpi,ιp : GF+ −→ GSp4(Qp). Choose a finite solvable totally real field extension F+1 of F1
such that
(1) ρ|G
F+1 (ζp)
is irreducible and r(GF+1 (ζp)
) = ρ(GF+1 (ζp)
) is adequate;
(2) r|G
F+1,v
is trivial for all places v|p of F+1 ;
(3) r|G
F+1,v
is unramified for all places of F+1 ;
(4) [F+1 : Q] is even;
(5) [F+1,v : Qp] ≥ 2 for all places v|p of F+1 ;
(6) the base change piF+1
of pi to F+1 is unramified or unipotent of type Ni for some 1 ≤ i ≤ 3 at
each finite places of F+1 ;
(7) if piF+1
is ramified at a place v - p of F+1 , then Nv ≡ 1 mod p where Nv stands for the
cardinality of Fv.
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In fact, there are only finitely many ramified places of pi and the local Galois group GF+1,v
is solvable,
one can choose a finite solvable totally real field extension F+1 of F1 satisfying the condition (2),(3),(6)
such that F+1 is linearly disjoint from F
+Ker(r)(ζp) over F
+. Note that the condition (6) is guaranteed
by Theorem 2.6 with a suitable solvable extension regarding the Grothendieck’s monodromy theorem
together with the local global compatibility. Making finite places inert by extending the base field
if necessary, we may assume that our L+1 also satisfies (5), (7) and also (4) by taking a suitable
quadratic extension. Everything here is done under keeping the linearly independent-ness over F+
and hence (1) is guaranteed.
Notice that [F+1 : Q] is even and as in Section 2.7, we consider a definite quaternion algebra B
with the center F+1 which is ramified at precisely the infinite places. Let pi be the automorphic rep-
resentation of GB(AF+1 ) of weight zero corresponding to piF+1 via Jacquet-Langlands correspondence.
We identify the local components of pi and piF+1
via the isomorphism (2.1).
Choose a finite place v0 - p such that
(1) v0 does not split completely in F
+
1 (ζp);
(2) piF+1
is unramified at v0 and adr(Frobv0) = 1;
(3) v0 satisfies the condition in Lemma 3.2-(2).
Here we consider r as a Galois representation which takes the values in GL4(F) with a finite field F
and also its adjoint representation accordingly. In fact, the condition in (3) is satisfied for all but
finitely many places. For (1) and (2), it follows from Chebotarev density theorem. Once we have such
a finite place v0, (1),(2) imply the non-trivial action of Frobv0 on ad
0r(1) where ad0r = adr/F · 1.
By the local Tate duality, H2(GF+1,v0
, ad0r) ' H0(GF+1,v0 , ad
0r(1)) = 0. It follows from this that
the local framed deformation space of r|G
F+1,v0
with a fixed central character is unobstructed and
hence the local framed deformation space with a fixed central character is irreducible. Since piF+1
is
unramified at v0, any (global) lift of r with a fixed central character is unramified at v0. This follows
from the constancy of the inertia group IF+1,v0
on any geometric connected component of the framed
deformation space. We will use this fact later.
Recall the parahoric subgroup KPi,v (i = 1, 2) for a parabolic subgroup Pi in Section 3 and the
isomorphism (2.1) for each finite place v of F+1 . We denote by KPi,1,v is the subgroup of the Iwahori
subgroup KPi,v consisting of all elements whose reduction modulo piv belong to Ni(Fv) where Ni is
the unipotent radical of Pi. Let us choose the open compact subgroup U =
∏
v Uv ⊂ GB(A∞F+1 ) such
that
(1) Uv = GB(OF+1,v) for all v|p, and all v 6= v0 where the local component piv of pi at v is
unramified;
(2) Uv0 = ι
−1
v0 UB,1,v0 , where UB,1,v0 is the subgroup of the Iwahori subgroup UB,v0 consisting of
all elements whose reduction modulo piv are unipotent;
(3) Uv =

ι−1v KP1,v if piv is unipotent of type N1
ι−1v KP2,v if piv is unipotent of type N2
ι−1v UB,v0 if piv is unipotent of type N3
if v - p · v0, and piv is unipotent of type Ni
for some 1 ≤ i ≤ 3.
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Then thanks to the choice of v0, the group U satisfies the condition of Lemma 3.2-(2). Define the
following set of finite places of F+1 ;
(7.1)
R := {v - p | Uv 6= GB(OF+1,v)} = {v0} ∪ {v - p | piv is unipotent of type Ni for some 1 ≤ i ≤ 3}.
Clearly R is a finite set.
According to the local type of piv, we define the weight τ = ⊗v|pτv ofGB(OF+1 ,p) =
∏
v|pGB(OF+1 ,v)
as follows. Fix a finite extension K ⊂ Qp of Qp which includes the images of all embeddings
F+1 ↪→ Qp. Put O = OK . When v|p and piv is unramified, then we define τv to be the trivial
representation over O of GB(OF+1 ,v). When v|p and piv is ramified, then piv is unipotent of type Nj
for some 1 ≤ j ≤ 3. In either unipotent type, for a fixed maximal parabolic Pi (i = 1, 2), applying
Proposition 3.7-(2), there exists aO-lattice W (pi) of rPi(pi) as a KPi,v/K+Pi,v-module, a dihedral depth
zero supercuspidal representation pi′ of GL2(F+1,v) for an unramified quadratic extension Mv/F
+
1,v, and
a quasi-character µ : (F+1,v)
× −→ C× such that W (pi)⊗ FK and W (Πi(pi′, µ))⊗ FK share a common
constituent. We view W (pi) as a KP -module via the natural surjection KPi,v −→ KPi,v/K+Pi,v
and pick an irreducible subquotient τv = τ
(i)
v of Ind
GB(OF+1,v
)
KP,v
W (pi)/O so that its extension to C
is equivalent to some irreducible constituent of piv|GB(OF+1 ,v). Let ψ : A
×
F+1
−→ C× be the central
character of pi. It is easy to check, by the parity condition, that it is a finite character and therefore
factors through (A∞
F+1
)×. By construction, clearly we have (S0,τ,ψ(U,O)⊗O,ιp C)[pi] 6= 0.
Recall the Hecke algebra TRO in (3.5) for our R defined in (7.1). Enlarging O if necessary, we
may assume that there exists a TRO -Hecke eigenform f in S0,τ,ψ(U,O) generating pi such that all
TRO -Hecke eigenvalues of f are defined over O. The eigenform f yields a surjection TRO −→ O −→
FO := O/mO as an O-algebra. Let m be the kernel of this surjective homomorphism. It follows that
S0,τ,ψ(U,O)m 6= {0}.
Similarly, we define the weight τ ′ = τ ′(i) = ⊗v|pτ ′v(i) of GB(OF+1 ,p) whose local component
τ ′v
(i) is defined by using W (Πi(pi
′, µ)) for any v|p. By Lemma 3.3 and Lemma 3.7-(2), we have
S0,τ ′,ψ(U,O)m 6= {0} for τ ′ = τ ′(i) with any fixed i ∈ {1, 2}. It shows that there exists a TRO -Hecke
eigen form g ∈ S0,τ ′,ψ(U,O) such that ρpig ,ιp ' ρpiF+1 ,ιp
where pig stands for the image of the repre-
sentation pig of GB(AF+1 ) corresponding to g under the Jacquet-Langlands correspondence. Since
pig,v = W (Πi(pi
′, µ)) for each v|p, after a suitable solvable base change, pig,v becomes Klingen ordinary
for any i = 1, 2 and further it has the desired increasing filtration for each i = 1, 2 by choosing µ
suitably in conjunction with Hodge-Tate weight. Furthermore, it is not ordinary in the usual sense,
namely, it is not Borel ordinary.
In order to make the representation unramified everywhere after a suitable solvable base change,
we need to analyze piv for each v ∈ R. First of all, as observed before, piv0 is unramified since any
local deformation with a fixed determinant of r|G
F+1 ,v0
is unramified. Therefore, we may consider the
case when v 6= v0 and v ∈ R. Then piv is of unipotent of type Ni for some 1 ≤ i ≤ 3. Choose a quasi
character χv : O×F+1 ,v −→ O
× which factors through F×v and it also satisfies χ2v 6= 1. Notice that
|F×v | = N(v)− 1 ≡ 0 mod p by the condition (7) for F+1 . It follows from this that χv ≡ 1 mod mO.
By Table A.15, p.297 of [73], we see that piF+1,v has an Iwahori fixed vector. Therefore, it is still hold
that g ∈ S0,τ,ψ(U,O) even if we replace the local component Uv of U with the Iwahori subgroup UB,v
for any v ∈ R\{v0}. We denote by diag(g) ∈ (O×F+1 ,v)
4 the diagonal part of g ∈ Uv = UB,v. We define
24
the character χ˜v : UB,v −→ O× by sending g to χv(a)χ−1v (b) for g ∈ Uv with diag(g) = (a, b, c, d).
Clearly, it is well-defined and it satisfies that χ˜v(z) = 1 for any z ∈ ZGB (F+1,v) ∩ UB,v and χ˜v ≡ 1
mod v. By (an easy variant of) Lemma 3.3, we see that S0,τ ′,ψ,χΣ(U,O)m 6= {0} for Σ = R \ {v0}
in Definition 3.1. It shows that there exists a TRO -Hecke eigenform h ∈ S0,τ ′,ψ,χΣ(U,O)m such that
ρpih,ιp ' ρpiF+1 ,ιp
. By definition, pih,v has an Iwahori fixed vector for each v ∈ R \ {v0} and it has to
be a subquotient of a principal series representation χ1 × χ2 o σ for some quasi characters χ1, χ2, σ
of (F+1,v)
×. Notice that ψ is a class field character since Observing the action of diagonal elements
in UB,v we see that χ1|O×
F+1 ,v
= χvωv and χ2|O×
F+1 ,v
= χ−1v ωv for some character ωv : O×F+1 ,v −→ C
×.
Recall that χv is chosen to be neither trivial nor of order 2. By the classification of [73] (see Group
I in Section 2.2, p.37), χ1 × χ2 o σ has to be irreducible. Therefore, pih,v is a principal series
representation which is possibly ramified for each v ∈ R\{v0}. The result follows easily by replacing
F+1 with an appropriate totally solvable extension L
+/F+1 . 
The main technical result of this paper is the following proposition:
Proposition 7.2. (the existence of a potentially ordinary lift) Let F+ be a totally real extension
of Q and p be an odd prime which is split completely in F+. Let ρ : GF+ −→ GSp4(Fp) be an
irreducible automorphic mod p Galois representation. Assume further that ρ(GF+(ζp)) is adequate
when we view ρ as a representation which takes the values in GL4(Fp). Then there exists a solvable
totally real finite extension L+ of F+ such that
(1) ρ(GL+(ζp)) is adequate;
(2) ρ|G
L+v
is trivial for all places v|p of L+;
(3) there exists a cuspidal automorphic representation pi of GSp4(AL+) of weight zero such that
(a) ρ|GL+ ' ρpi,ιp,
(b) pi is unramified at all finite places,
(c) for all places v|p of L+, ρpi,ιp |G
L+v
is ordinary in the sense of Section 7.5 of [36].
Proof. By Lemma 7.1, there exists a totally real solvable finite extension F+2 of F
+ such that
(1) ρ|G
F+2 (ζp)
is irreducible and ρ(GF+2 (ζp)
) is adequate;
(2) ρ|G
F+2,v
is trivial for all places v|p of F+2 ;
(3) for each place v|p, [F+2,v : Qp] ≥ 2 (this condition will be used when we choose τ0 soon later);
(4) there exists a cuspidal automorphic representation pi2 of GSp4(AF+2 ) of weight zero such that
(a) ρ|G
F+2
' ρpi2,ιp ,
(b) pi2 is unramified at all finite places,
(c) for all places v|p of F+2 , ρpi,ιp |GL+v is not ordinary, but Klingen ordinary and it gives an
O-valued point of the scheme (4.4) for Pi and for the integer ring O of a suitable finite
extension of Qp.
We will apply (a mild modification of) Lemma 2.1.2 of [6]. However we use the convention that the
Hodge-Tate weight of the p-adic cyclotomic character is +1 while it is defined to be −1 in loc.cit..
We now employ the Lemma in the following setting:
(1) F+ = F+2 ;
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(2) p > 2 (this condition is corresponding to the third assumption of Lemma 2.2 of [6]. The extra
condition “l > 2n− 2” can be removed by using the notion of adequacy with the condition
l - n.);
(3) n = m = 4;
(4) F (avoid) = F+2 F
+Ker(ρ)(ζp)
(5) T = ∅;
(6) η = η′ = 1;
(7) {h1,τ , h2,τ , h3,τ , h4,τ} = {0, 1, 2, 3} for each τ : F+2,v ↪→ Qp, v|p; furthermore, for each place
v|p, there exists τ0 : F+2,v ↪→ Qp such that for any τ 6= τ0,
h1,τ = 0, h2,τ = 1, h3,τ = 2, h4,τ = 3,
and
h1,τ0 = 0, h2,τ0 = 2, h3,τ0 = 1, h4,τ0 = 3;
(8) h′1,τ = 0, h′2,τ = 4, h′3,τ = 5, and h′4,τ = 9 for all τ : F
+
2,v ↪→ Qp;
(9) w = h1,τ +h4,τ = h2,τ +h3,τ = 3, w
′ = h′1,τ +h′4,τ = h′2,τ +h′3,τ = 9 for any τ : F
+
2,v ↪→ Qp, v|p.
Then we obtain a CM extension M/F+2 which is linearly disjoint from F2F
+Ker(ρ)(ζp) over F
+
together with two continuous characters
θ, θ′ : GM −→ Z×p
such that
(1) θ and θ′ are congruent modulo p each other;
(2) (ρ|G
F+2
⊗ Ind
G
F+2
GM
θ)(GF+2 (ζp)
) is adequate. Indeed, this can be checked as follows. By con-
struction (cf. the third line and the line -13 in p.548 of [8]), (Ind
G
F+2
GM
θ)|G
F+2 (ζp)
is irreducible
and adequate by Lemma A.2-(1), p.908 of [89]. The claim follows from Lemma A.2-(2) in
loc.cit. together with the adequacy and the irreducibility of ρ|G
F+2 (ζp)
;
(3) (Ind
G
F+2
GM
θ) ' (Ind
G
F+2
GM
θ)∨ ⊗ ε3 where ε stands for the p-adic cyclotomic character whose
Hodge-Tate weight is normalized to be +1;
(4) (Ind
G
F+2
GM
θ′) ' (Ind
G
F+2
GM
θ′)∨ ⊗ ε9ω˜−6 where ω˜ is the Teichmu¨ller lift of mod p cyclotomic
character ω := ε;
(5) for each v above p, up to conjugacy, the following decomposition into characters holds:
(Ind
G
F+2
GM
θ)|G
F+2 ,v
' χ(v)1 ⊕ χ(v)2 ⊕ χ(v)3 ⊕ χ(v)4
where, for each embedding τ : F+2,v ↪→ Qp we have HTτ (χ(i)v ) = hi,τ . Similarly, for each v
above p, up to conjugacy, the following decomposition into characters holds:
(Ind
G
F+2
GM
θ′)|G
F+2 ,v
' χ′(v)1 ⊕ χ′(v)2 ⊕ χ′(v)3 ⊕ χ′(v)4
where, for each embedding τ : F+2,v ↪→ Qp we have HTτ (χ′(i)v ) = h′i,τ . By the choice of h′i,τ ,
Ind
G
F+2
GM
θ′ is ordinary at each v above p. On the other hand, Ind
G
F+2
GM
θ is semi-stable at each v
above p. Consider the filtered module Dv corresponding to Vv := (Ind
G
F+2
GM
θ)|G
F+2 ,v
, then the
choice of the Hodge-Tate weights {hi,τ} yields the filtration 0 = D0 ⊂ D1 ⊂ D2 ⊂ D3 = Dv
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such that the rank of D1 is 1 and the rank of D2 is 3. It gives rise to a GF+2 ,v
-stable increasing
filtration for Klingen parabolic P2;
(7.2) 0 = Fil
(2)
0 ⊂ Fil(2)1 ⊂ Fil(2)2 ⊂ Fil(2)3 = Vv.
By the choice of {hi,τ} again, we see that gr(2)1 has the constant Hodge-Tate weight 1 in
τ and gr
(2)
3 has the constant Hodge-Tate weight 3 in τ while gr
(2)
2 is of rank 2 and it has
Hodge-Tate weights {h2,τ , h3τ} = 2, 1 which is not constant in τ . It follows from this that
gr
(2)
2 (−1) is non-ordinary and it is also potentially Barsotti-Tate by Theorem 0.3 of [62]. In
addition, the filtration yields a O-valued point of the scheme (4.4) for the integer ring O of
some finite extension of Qp.
Let F+3 /F
+
2 be a solvable extension of totally real fields such that
(1) F+3 is linearly disjoint from F
+Ker(ρ)(ζp) over F
+. In particular, ρ|G
F+3 (ζp)
is irreducible and
ρ(GF+3 (ζp)
) is adequate;
(2) (Ind
G
F+2
GM
θ)|G
F+3
and (Ind
G
F+2
GM
θ′)|G
F+3
are both unramified at all places of F+3 not lying over p
and crystalline at all places v above p;
(3) if v is a place of F+3 dividing p, then (Ind
G
F+2
GM
θ)|G
F+3,v
is trivial;
(4) if v is a place of F+3 dividing p, then F
+
3,v contains a primitive p-th root of unity.
Let F3/F
+
3 be a quadratic CM extension which is linearly disjoint from MF
+Ker(ρ)(ζp) over F
+, and
in which all places of F+3 lying over p are split completely in F3. Choose a finite extension K ⊂ Qp
of Qp such that the images of θ, θ′, and ρpi2,ιp are defined over K. Enlarging K if necessary, we
may assume that K contains all embeddings F+3 ↪→ Qp. Choosing suitable lattices, we may regard
Ind
G
F+2
GM
θ, Ind
G
F+2
GM
θ′, and ρpi2,ιp as representations to GSp4(O) and also to GL4(O) by the natural
inclusion GSp4(O) ⊂ GL4(O). Further, we may suppose that Ind
G
F+2
GM
θ = Ind
G
F+2
GM
θ′ since θ ≡ θ′
modulo p. Let χpi2 : GF+2
−→ O× be the character corresponding to the central character of pi2 via
class field theory. Note that it holds that ρpi2,ιp ' ρ∨pi2,ιpχpi2 .
We are now ready to apply Theorem 3.5.1 of [6] in the following setting:
(1) m = n = 4 and l = p > 2;
(2) F = F ′ = F3
(3) r := ρ|GF3 = ρpi2,ιp |GF3 ;
(4) r′ = (Ind
G
F+2
GM
θ)|GF3 and χ′ = ε3;
(5) χ = ε6ω˜−6χpi2 |GF+3 so that χ = χpi2 |GF+3 ;
(6) r′′ = ρpi2,ιp |GF3 ⊗ (Ind
G
F+2
GM
θ′)|GF3 and χ′′ = ε9ω˜−6χpi2 |GF+3 ;
(7) S˜p is any set of places of F3 consisting of exactly one place above each place in Sp :=
{v | v|p in F+3 }.
(8) for each place v˜ ∈ S˜p, av˜ ∈ (Z4+)Hom(F
+
3,v˜
,Qp) is given by
aτ,1 = 9, aτ,1 = 5, aτ,3 = 4, aτ,4 = 0
for each τ : F+3,v˜ ↪→ Qp.
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(9) for each place v˜ ∈ S˜p, Rv˜ is the unique irreducible ordinary component of Rvav˜ ,crr|GF3,v˜ (see
Section 4). The uniqueness which implies the irreducibility of the ordinary part is due to
Lemma 3.1.4, p.1389 of [39] since r|GF3,v˜ = 1 as a representation to GL4(Fp) by the second
condition for F+2 and ε|GF3,v˜ = 1 by the fourth condition for F
+
3 .
We now check the hypotheses of Theorem 3.5.1 of [6] hold. A minor modification is necessary
because they employed “2-big-ness” which should be replaced with adequacy. However, nothing will
be changed if we do use adequacy instead of 2-big-ness. Therefore, we just give some comments
about this in a course of the followings. We follow the numbering in the claim in Theorem 3.5.1 of
[6].
• for (1), since χ = χpi2 |GF+3 , it follows from Section 3.1.3 of [6] that r
c ' r∨χ and r is odd;
• for (3), it follows from the third property for θ, θ′ and Section 3.1.3 again that r′c ' r∨χ′|GF3 ;
• for (2) and (4), since r = ρGF3 = ρpi2,ιp |GF3 , it is unramified outside p. By the choice of F3,
r′ is crystalline at all places above p. In fact, any place of F+3 is split completely in F3, the
decomposition group is nothing changed and the local property of r′|G
F+3,v
is preserved. The
representation r′ is also unramified outside p since the set T is chosen to be the empty set
in the construction of θ. For χ, χ′, χ′′, r′′, they are unramified outside p by choice of F3 and
properties of pi2;
• for (5), r′′ is automorphic of level prime to p by Proposition 5.1.3, p.451 of [5] since the
Hodge-Tate weights {h′i,τ} are chosen so that r′′ has regular Hodge-Tate weights;
• for (6), r′′ = ρpi2,ιp |GF3 ⊗ (Ind
G
F+2
GM
θ
′
)|GF3 = ρpi2,ιp |GF3 ⊗ (Ind
G
F+2
GM
θ)|GF3 = r⊗ r′ and obviously
χ′′|GF3 = χ|GF3χ′|GF3 since χ′′ = χχ′;
• the conditions (7) and (8) concerning Taylor-Wiles conditions are replaced with the adequacy
of r′′(GF3(ζp)) which follows from the adequacy of (ρ|GF+2 ⊗Ind
G
F+2
GM
θ)(GF+2 (ζp)
) as seen before;
• for (9), this part is a main heart of the proof here. For each place v˜ ∈ S˜p lying over v ∈ Sp, let
ρv : GF3,v˜ −→ GL4(O) be a lift of r|GF3,v˜ which corresponds to a closed point of Rv˜. We may
assume that GF3,v˜ = GF+3 ,v
. Then ρv and (Ind
G
F+2
GM
θ′)|GF3,v˜ are both crystalline and ordinary
of the same Hodge-Tate weights for any embedding F3, v˜ ↪→ Qp, and reduce to the trivial rep-
resentation modulo the maximal ideal of O. Since Rv˜ is irreducible, ρv ∼ (Ind
G
F+2
GM
θ
′
)|GF3,v˜ in
the sense of Definition 3.1.4 of [6]. On other hand, r′|GF3,v˜ = (Ind
G
F+2
GM
θ)|GF3,v˜ and ρpi2,ιp |GF3,v˜
are both crystalline of the same Hodge-Tate weight. As observed in (7.2) before, r′|GF3,v˜
has a increasing filtration {Fil(2)i }3i=0 such that gr(2)2 (−1) is non-ordinary Barsotti-Tate. By
construction of pi2, we see that ρpi2,ιp |GF3,v˜ has a similar filtration {Fil′
(2)
i }3i=0. Then two
representations gr
(2)
2 (−1) and gr′(2)2 (−1) define two geometric points in SpecR defined in
(4.1). By Proposition 2.3 of [30], these two points both lie on the same connected compo-
nent V. This implies that r′|GF3,v˜ and ρpi2,ιp |GF3,v˜ define two geometric points which both
lie on a connected component of GV,2[1p ]. By Proposition 4.3 and Remark 4.4, we have
r′|GF3,v˜ ∼ ρpi2,ιp |GF3,v˜ . By the results for “∼” (Section 3.3,3.4 of [5]),
ρv ⊗ r′|GF3,v˜ ∼ (Ind
G
F+2
GM
θ′)|GF3,v˜ ⊗ ρpi2,ιp |GF3,v˜ ∼ ρpi2,ιp |GF3,v˜ ⊗ (Ind
G
F+2
GM
θ′)|GF3,v˜ ∼ r
′′|GF3,v˜ .
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Summing up, the hypotheses of Theorem 3.5.1 of [6] are checked completely with a minor
modification with adequacy.
We conclude that, after possibly extending O, there exits a continuous lifting r : GF3 −→ GL4(O)
such that
(1) r is unramified outside p;
(2) r|GF3,v˜ is crystalline and ordinary at each place v˜ ∈ S˜p (in fact, at all places v˜ of F3 above
p), with Hodge-Tate weights 0, 4, 5, and 9;
(3) rc ' r∨χ|GF3 ;
(4) r ⊗ (Ind
G
F+2
GM
θ)|GF3 is automorphic of level prime to p.
Notice that r|GMF3 = ρ|GMF3 is irreducible since F3 is linearly disjoint from MF+
Ker(ρ)
(ζp) over F
+.
By Proposition 5.1.1 of [6] and Lemma 5.9 of [39], r is ιp-ordinary automorphic of level prime to p.
By Lemma 6.1.2 of [6] there exists a solvable finite extension F+4 /F3 of totally fields together with
a RAECSDC automorphic representation pi3 of GL4(AF4), where F4 = F
+
4 F3 such that
(1) F+4 is linearly disjoint from F3F
+Ker(ρ)(ζp) over F
+
3 ;
(2) pi4 is of weight zero;
(3) ρpi4,ιp ' r|GF4 = ρ|GF4 ;
(4) ρcpi4,ιp ' ρpi4,ιp ;
(5) ρcpi4,ιp ' ρ∨pi4,ιpχ˜|GF4 where χ : GF+3 −→ O
× is the Teichmu¨ller lift of χ : GF+3 −→ F
×
p .
Let S′p be the set of places pf F
+
4 above p and S˜
′
p be any set of places of F3 consisting of exactly
one place above each place in S′p := {v | v|p in F+4 }. For each place v˜ ∈ S˜′p, a′v˜ ∈ (Z4+)Hom(F
+
3,v˜
,Qp) is
given by
a′τ,1 = 3, a
′
τ,1 = 2, a
′
τ,3 = 1, a
′
τ,4 = 0
for each τ : F+4,v˜ ↪→ Qp. For each place v˜ ∈ S˜′p, Rv˜ is the unique irreducible ordinary component of
R
va′
v˜
,cr
ρ|GF4,v˜
(see Section 4). The uniqueness which implies the irreducibility of the ordinary part is due to
Lemma 3.1.4, p.1389 of [39] since r|GF4,v˜ = 1 as a representation to GL4(Fp) by the second condition
for F+2 and ε|GF4,v˜ = 1. As explained in Section 3 of [6], we can extend ρ|GF4 to r4 : GF+4 −→ G4(Fp)
where the algebraic group G4 is defined in Section 3.1.1 of [6]. Applying Proposition 1.5.1 of [8] for
S = (F4/F+4 , Sp, S˜′p,O, r4, χ˜|GF+4 , {Rv˜}v˜∈S˜′p),
there is a lifting r4 : GF+4
−→ GL4(Qp) of r|G
F+4
= ρ|G
F+4
, which is crystalline and ordinary of Hodge-
Tate weight a′v˜ at each place v˜ ∈ S˜′p. Applying Theorem 4.4.1 of [8] but the condition “l > 2(n+ 1)”
should be replaced with the adequacy of r(GF (ζl)) in the notation there, then we have that r4|GF4
is ιp-ordinary automorphic. By Lemma 1.5 of [4], r4 is ιp ordinary automorphic, hence there exists
a RAESD cuspidal automorphic representation pi4 of GL4(AF+4 ) such that it is ιp-ordinary and of
weigh zero, and r4 ' ρpi4,ιp .
What remains is to descend pi4 to a cuspidal automorphic representation of GSp4(AF+4 ). Recall
that ρ is absolutely irreducible by Proposition 2.4. By the choice of F+4 , ρ is also absolutely irreducible
and so is r4. Clearly, r4 is self-dual since so is pi4. Hence we have an identification
EndQp[GF+4
](r4) = BilGF+4
(r4 × r4,Qp)
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up to twists, where the latter space stands for GF+4
-equivariant, Qp-linear bilinear forms on r4 × r4.
However, we have
Qp = EndQp[GF+4 ]
(r4) = BilQp[GF+4
](r4 × r4,Qp) = SymQp[GF+4 ]
(r4 × r4,Qp)⊕AltQp[GF+4 ]
(r4 × r4,Qp)
where SymQp[GF+4
](r4× r4,Qp) stands for the set of GF+4 -equivariant symmetric bilinear forms while
AltQp[GF+4
](r4×r4,Qp) stands for the set of GF+4 -equivariant alternative bilinear forms. Hence either
SymG
F+4
(r4 × r4,Qp) 6= {0} or AltG
F+4
(r4 × r4,Qp) 6= {0} holds. Observe the reduction of r4 and
it has a symplectic form as we have started with ρ. Hence we have AltG
F+4
(r4 × r4,Qp) 6= {0}.
By the last three lines of the claim of Theorem 4.26 of [2], we have a generic cuspidal automorphic
representation pi5 of GSp4(AF+4 ), as desired. Note that by Section 1.3 of [77], we can freely switch
the types of pi5 among L-packets at infinite places by Arthur’s classification due to [37].

As observed in Proposition 6.1.4, p.1569 of [6], we can study the case when ρ is an induced
representation. We have the following possible cases:
(1) ρ is induced from a character θ : GM −→ F×p for some finite extension M/F+ of degree four;
(2) ρ is induced from an irreducible representation τ : GM −→ GL2(F) for some finite extension
M/F+ of degree two.
In the first case, the odd-ness of ρ implies that M is a CM field so that the maximal totally real
subfield M+ of M includes F+, while in the latter case, a quadratic extension M/F+ can be either
CM or totally real.
For a quadratic extension L/K of number fields, a character χ of GL, and a lift τ ∈ GK of the
generator of Gal(L/K), we define the character χ⊗ χτ of GK by
(χ⊗ χτ )(g) =
{
χ(g)χ(τ−1gτ) (g ∈ GL)
χ(τ2) (g = τ)
which is independent of the choice of τ .
Proposition 7.3. Let F+ be a totally real extension of Q and p be an odd. Let ρ : GF+ −→ GSp4(Fp)
is an irreducible automorphic mod p Galois representation. Assume that ρ is induced from a character
θ : GM −→ F×p for some finite extension M/F+ of degree four (as observed, M has to be a CM
field). Then, there is a finite solvable extension L+/F+ of totally real fields such that
(1) L+ is linearly disjoint from MF+
Ker(ρ)
(ζp) over F
+;
(2) there is an ιp-ordinary cuspidal representation pi of GSp4(AL+) of weight zero and level prime
to p such that
(a) ρpi,ιp ' ρ|GL+ ;
(b) pi is unramified at all finite places.
Proof. Let M+ be the maximal totally real subfield of M . Put r := Ind
GM+
GM
θ so that ρ = Ind
GM+
GM
r.
Notice that r is irreducible, totally odd. Let ψ : GF+ −→ F×p be the similitude character of ρ and
let χr := det(r) : GM+ −→ F×p . It is easy to see that
(7.3) (χr ⊗ χτr )ωM+/F+ = ψ2
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where τ is any lift of the generator of Gal(M+/F+) and ωM+/F+ : GF+ −→ F×p is the quadratic
character for M+/F+. Substituting τ into (7.3), we see that χr has to extend to a character of GF+ .
Applying the proof of Proposition 6.1.4 of [6] with the different choice of the Hodge-Tate weights
in using Lemma 4.1.6 of [18], we can choose a solvable extension L+/F+ of totally real fields such
that
(1) L+ is linearly disjoint from MF+
Ker(ρ)
(ζp) over F
+;
(2) any place of L+ lying over p is split completely in L+M ;
(3) there is an ιp-ordinary cuspidal representation pi1 of GL2(AM+1 ), M
+
1 := L
+M+ and level
prime to p such that
(a) ρpi1,ιp ' r|GM+1 ;
(b) pi1 is unramified at all finite places;
(c) for any place v of L+ lying over p with the decomposition v = w(1)w(2) in L+M , the
Hodge-Tate weights of ρpi1,ιp |GL+M,w1 (resp. ρpi1,ιp |GL+M,w2 ) are {0, 3} (resp. {1, 2})
(d) the central character ωpi1 of pi1 corresponds to the Teichmuu¨ller lift of (χr|GM+1 )ε
−1 via
the class field theory.
Note that ωpi1 descends to a quasi-character of A
×
L+
since so is χr as seen before. (as seen soon later,
this is a sufficient condition to descend a cuspidal representation from GL4 to GSp4). Furthermore,
by the choice of L+, ρ|GL+ = Ind
GL+
G
M+1
ρpi1,ιp is irreducible and it implies that pi1 is not any base change
from GL2(AL+). By the last three lines in the statement of Theorem 4.26 of [2], we see that there
exists a cuspidal automorphic representation of GL4(AL+) which descend to a cuspidal a globally
generic cuspidal automorphic representation of GSp4(AL+). By using base change argument to Π,
we can make the resulting cuspidal representation Π of GSp4(AL+) unramified at everywhere.
Finally we check Π is of weight zero. It suffice to compute the Hodge-Tate weights. In fact, for
vi = w
(1)
i w
(2)
i (1 ≤ i ≤ d), we see that
ρΠ,ιp |GL+,vi ' ρpi1,ιp |GL+1 ,w(1)i
⊕ ρpi1,ιp |G
L+1 ,w
(2)
i
.
It yields that the Hodge-Tate weights are given by {0, 1, 2, 3}. By Section 1.3 of [77], we can freely
switch the types of Π among L-packets at infinite places by Arthur’s classification due to [37]. 
Next we consider the case when ρ is induced from a 2-dimensional representation r : GM −→
GL2(Fp) for some quadratic extension M/F+ of totally real fields. This will be proved by an
essentially same way of the proof of the previous proposition. However, due to the lack of the
automorphy of r (except for the case when F+ = Q), we need to rely on the current status of the
potential automorphy for r by Taylor. Hence we lose “the solvability” for the field in which we do
the base change.
Proposition 7.4. Let F+ be a totally real extension of Q and p be an odd. Let ρ : GF+ −→ GSp4(Fp)
is an irreducible automorphic mod p Galois representation. Assume that ρ is induced from a 2-
dimensional representation r : GM −→ GL2(Fp) for some quadratic extension M/F+ of totally real
fields. Then, there is a finite extension L+/F+ of totally real fields such that
(1) L+ is linearly disjoint from MF+
Ker(ρ)
(ζp) over F
+;
(2) there is an ιp-ordinary cuspidal representation pi of GSp4(AL+) of weight zero and level prime
to p such that
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(a) ρpi,ιp ' r|GL+ ;
(b) pi is unramified at all finite places.
Proof. It is easy to see that r is an irreducible, totally odd mod p Galois representation. By Corollary
1.7, p.138 of [86], there exists a finite extension L+/F+ of totally real fields such that
(1) L+ is linearly disjoint from MF+
Ker(ρ)
(ζp) over F
+;
(2) there is an ιp-ordinary cuspidal representation pi1 of GL2(AL+M ) such that ρpi1,ιp ' ρ|GL+M .
If ρ|GL+M(ζp) is not absolutely irreducible, then ρ|GL+M is dihedral, hence this case is reduced to
Proposition 7.3. Therefore, we may assume that ρ|GL+M(ζp) is absolutely irreducible. By Proposition
2.1.1 of [7], we have three possible cases;
(1) p = 3, the projective image of ρ(GL+M(ζp)) is conjugate to PSL2(F3);
(2) p = 5, the projective image of ρ(GL+M(ζp)) is conjugate to PSL2(F5);
(3) ρ(GL+M(ζp)) is adequate.
For the third case, we apply Theorem A of [7] and the proof of Proposition 6.1.3 of [6], in particular,
at line 16, p.1568 but we apply Lemma 6.1.2 to obtain a cuspidal representation of a suitable weight
to make the automorphic induction to GL4(AL+) weight zero. For the second case, we apply Section
8.2 of [57] whose contents are essentially same to things done in the course of the proof of Proposition
6.1.3 of [6]. Similarly, we apply Lemma 6.1.2 in the same purpose for the Hodge Tate weights. Thus,
there is a finite extension L+1 /L
+ of totally real fields such that
(1) L+1 is linearly disjoint from MF
+Ker(ρ)(ζp) over F
+ so that [M+1 : L
+
1 ] = [M : F
+] = 2 with
M1 = L
+
1 M ;
(2) any place v of L+1 lying over p is split completely in M
+
1 = L
+
1 M ;
(3) there is an ιp-ordinary cuspidal representation pi2 of GL2(AM+1 ), M
+
1 = L
+
1 M of weight zero
and level prime to p such that
(a) ρpi2,ιp ' ρ|GM+1 ;
(b) for any place v of L+1 lying over p with the decomposition v = w
(1)w(2) in M+1 =
L+1 M , the Hodge-Tate weights of ρpi2,ιp |GL+M,w(1) (resp. ρpi2,ιp |GL+M,w(2) ) are {0, 3} (resp.
{1, 2})
(c) pi2 is unramified at all finite places.
We remark that the third property for pi2 follows the argument in the course of the proof of Lemma
6.1.1 of [6] (see the treatment of the finite set R there in p.1563) using p-adic algebraic forms via
Jacquet-Langlands correspondence with a suitable base change. Note that pi2 corresponds to a
Hilbert modular cusp forms of weight (kw(1) , kw(2))v=w(1)w(2)|p = (2, 4)Hom(L+1 ,Q) = (2, 4, 2, 4, . . . , 2, 4)
(see Section 2.1 of [24]).
As seen in the previous proposition, by using ramified twists if necessary, we may assume that the
central character of pi2 descends to a quasi-character of AL+1 . Notice that [M
+
1 : L
+
1 ] = [M : F
+] = 2.
The remaining part we need to check is completely same as in the latter part of the previous
proposition. Therefore, we may omit the details.
In the case when p = 3 and the projective image of ρ(GL+M(ζp)) is conjugate to PSL2(F3),
applying the proof of Theorem 3.1.1 of [7], we have a finite extension L+1 /L1 and an ordinary
cuspidal representation pi2 of GL2(AM+1 ) of weight zero as above. The representation pi2 corresponds
to an ordinary Hilbert modular cusp form g of parallel weight 2. Since 2 = p − 1, we can apply
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Hida theory [51] to g to obtain a Hilbert modular cusp forms of weight (kw(1) , kw(2))v=w(1)w(2)|p =
(2, 2 + (p − 1))Hom(L+1 ,Q) = (2, 4, 2, 4, . . . , 2, 4) with M
+
1 = L
+
1 M . The remaining part is checked
similarly and the details are omitted. 
8. proof of main theorems
We are no ready to prove our main theorems. In this section, the symbol F stands for a totally
real field.
Proof. (A proof of Theorem 1.1.) By Proposition 7.2, there exists a finite solvable extension L/F of
totally real fields and a regular cuspidal automorphic representation pi of GSp4(AL) such that
(1) ρ ' ρpi,ιp ;
(2) for each place v lying over p, ρpi,ιp |GL,v is ιp-ordinary and crystalline.
By Lemma 1.4.3-(1) of [8], ρpi,ιp |GL,v is crystalline, potentially diagonalizable. Hence ρpi,ιp is a lift as
desired. 
Proof. (A proof of Theorem 1.2.) Let O be the integer ring of a sufficiently large finite extension of
Qp. Let S be be a finite set of finite places, including all places at which ρ is ramified, and all places
lying over p. Choose a totally imaginary CM field L with maximal totally real field F , with the
property that all primes in S is split in L. We may assume that L is linearly disjoint from F
Ker(ρ)
(ζp)
over F . Let S˜ be a set of places of F consisting of one place dividing each place in S. By Section
7.4, for any object R of CLNO and a lift ρR : GF −→ GSp4(R) of ρ to R, there exists a continuous
homomorphism rR : GF −→ G4(R) corresponding to ρR. The similitude character of r is the same
as one of ρ. Let us fix its lift ψ : GF −→ O× to O which is crystalline at all places lying over p.
For each place v ∈ S not dividing p, we fix an inertia type τv such that ρ|GF ,v has a symmetric
lifting of type τv and we also fix an p-torsion free quotient Rv of R
symp,τv ,ψ
ρ|GF,v
(see Section 7.2, p.284
of [36] for this deformation ring). Let vλ be the p-adic Hodge type of ρv. For each place v ∈ S
dividing p, we also fix a quotient Rv of R
symp,vλ,cr,ψ
ρ|GF,v
which corresponds to an irreducible component
of SpecRsymp,vλ,cr,ψρ|GF,v
such that ρv lies on. For any v ∈ S˜, we regard Rv with a deformation for r|GF ,v
(cf. Lemma 2.2.1 of [18]). We consider the deformation problem
S = (L/F, S, S˜,O, r, ψ, {Rv}v∈S)
with corresponding universal deformation rS : GF −→ G4(RunivS ) which factors through GF,S =
Gal(F (S)/F ). Here F (S) stands for the maximal subfield of F unramified outside S. By Proposition
1.5 of [8] (note that in the notation there, r˘ = r|GL = ρGL and it is absolutely irreducible by the choice
of L and Proposition 2.4), RunivS has Krull dimension at least one. By the choice of L, ρ(GM(ζp)) is
adequate. Hence we can apply Theorem 2.3.2 of [8] and it follows from this and dimKrullR
univ
S ≥ 1
that RunivS is a non-zero finite O-module. Combining it with Lemma 7.4.1 of [36], there exists a lift
ρ : GF −→ GSp4(Qp) of ρ such that for each finite place v of F lying over p, ρ|GF,v is crystalline
with the Hodge-Tate weights equal to one of ρv. Furthermore, the choice of Rv shows that ρ|GF,v
connects to ρv. By Theorem B of [8], ρGL is automorphic. Hence, there exists a regular algebraic,
cuspidal, polarized automorphic representation Π of GL4(AL). Clearly, ρGL descends to ρ and so
is Π to a regular algebraic, cuspidal, polarized automorphic representation pi of GL4(AF ) so that
ρ ' ρpi,ιp . It follows from this that pi descends to a cuspidal automorphic representation GSp4(AF )
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as desired. If ρ|GF,v is ordinary for all v above p, then the usual Khare-Wintenberger’s method
to compare the deformation rings for ρ and ρGL (we may choose Rv to be an ordinary irreducible
component) guarantees an ordinary automorphic representation pi of GL4(AF ) which descends to
GSp4(AF ) as desired. 
Proof. (A proof of Theorem 1.3.) It follows from Theorem 1.2 and the definition of the sets of
weights in question. 
9. Potentially diagonalizable, crystalline lifts with prescribed types
In this section, we study how we can lift given mod p local Galois representations. We refer
[75],[11],[71] as basic references. We note that p = 2 is allowed in this section.
9.1. Galois cohomology. Let K and E be finite extensions of Qp. Assume that E is sufficient
large so that it includes all embeddings from K to Qp. Let O = OE be the ring of integers of E and
F = FE be its residue field. Let pi = piE be a uniformizer of E. Let I = IK be the inertia subgroup
of GK = Gal(K/K). We fix a lift Fr to GK of the arithmetic Frobenius in GF.
For any finite, free GK-module T over O, put
V = T ⊗ E, W = V/T, Wn = 1
pin
T/T ' T/pinT, (n ≥ 1).
For each of the above GK-modules, denote it by M , we write its continuous Galois cohomology by
H i(K,M) := H i(GK ,M) (i ≥ 0).
For any finite O-module N , we denote by Ntor the torsion part of N .
Let us recall some facts.
Lemma 9.1. Keep the notation being as above. It holds that
(1) there exists an exact sequence
0 −→ TGK −→ V GK −→WGK −→ H1(K,T )tor −→ 0;
(2) WGK1 = 0 if and only if W
GK = 0. In this case, H1(K,T ) is O-torsion free;
(3) H i(K,T )⊗O E ' H i(K,V ).
Proof. The first claim is Lemma 1.2.2-(ii). The second claim is standard (cf. p.502, line -5 from
the bottom of the proof of Theorem 7.4 of [12] and also we apply the first claim). See Proposition
2.7.11,p.144 of [72] for the third claim. 
For each GK-module M we define the unramified cohomology H
i
ur(K,M) by
H iur(K,M) := Ker(H
i(GK ,M)
res−→ H i(IK ,M))
where res stands for the restriction map induced by the natural inclusion IK ⊂ GK . The following
Lemma follows from Lemma 1.3.2-(i), p.13 of [75]:
Lemma 9.2. Suppose M is finite GK-module over E or O. It holds that
H iur(K,M) 'M IK/(Fr− 1)M IK .
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Let T be a finite free GK-module over O. Put V = T ⊗O E and T = T ⊗O F. The natural
inclusion i : T ↪→ V and the natural projection map p : T −→ T induce H1(K,T ) i∗−→ H1(K,V )
and H1(K,T )
p∗−→ H1(K,T ) respectively. The Bloch-Kato Selmer group of V (see Section 3 of [11])
is defined by
H1f (K,V ) := Ker(H
1(GK , V ) −→ H1(GK , V ⊗Qp Bcris))
where Bcris is one of Fontaine’s period rings (see (1.10) of [11]). If V is crystalline, any element of
H1f (K,V ) can be regarded as an extension 0 −→ V −→ ∗ −→ E −→ 0 such that ∗ is a crystalline
representation of GK defined over E, and vice versa. Then we define
H1f (K,T ) := i
−1
∗ H
1
f (K,V ), H
1
f (K,T ) := p∗(H
1
f (K,T )).
Note that it looks H1f (K,T ) depends on T but remember that it is defined by using H
1
f (K,V ).
For example, for the mod p cyclotomic character ε of GK and the p-adic cyclotomic character
ε of GK , even if (ε1+k(p−1)) = ε for any integer k, H1f (K, ε) does not necessarily coincide with
H1f (K, (ε
1+k(p−1))). According to Definition 1.1.3 of [75], the dual representations are defined by
T ∗ := HomO(T,O(1)), V ∗ := T ∗ ⊗O E, W ∗ := T ∗ ⊗O E/O, W ∗n := T ∗ ⊗O
1
pin
O/O.
We sometimes use M∨ to be the usual dual of M in the coefficient of M so that T ∗ = T∨(1).
Lemma 9.3. Keep the notation as above. Then, (W ∗1 )GK = 0 if and only if (W1(−1))GK = 0.
Proof. It follows from W ∗1 = HomF(W1,F(1)). 
Lemma 9.4. Keep the notation as above. If (W ∗1 )GK = 0, then
(1) H1f (K,T ) ' H1f (K,T )⊗O F;
(2) if further WGK1 = 0, then dimEH
1
f (K,V ) = dimOH
1
f (K,T ) = dimFH
1
f (K,T ).
Proof. By the long exact sequence 0 −→ T ×pi−→ T mod pi−→ T −→ 0, we have
0 −→ H1(K,T )⊗O F −→ H1(K,T ) −→ H2(K,T ).
By Theorem 1.4.1 of [75], we have H2(K,T ) ' HomO((W ∗)GK , E/O). By Lemma 9.1-(ii) and
assumption, we have the vanishing H2(K,T ) = 0. Hence the first claim follows from the definition
of H1f (K, ∗). The second claim is deduced from Lemma 9.1-(2),(3) with the first claim. 
Let T be a finite dimensional GK-module over F.
Lemma 9.5. Let T be a lift of T to O such that T ∗ = T∨(1) does not have trivial sub-representations
modulo pi2. Hence, H0(K,T ∗/pi2) = H0(K,W ∗2 ) = 0. Then the reduction modulo pi2 induces
a surjection H1(K,T ) −→ H1(K,T/pi2). In particular, the reduction map modulo pi, that is
H1(K,T ) −→ H1(K,T ) factors through this map.
Proof. Consider the exact sequence 0 −→ T ×pi2−→ T −→ T/pi2 −→ 0. We may check the vanishing of
H2(K,T )[pi2]. It is easy to see that
H2(K,T )/pi2H2(K,T ) ' H2(K,T/pi2) = 0
by assumption and H3(K,T ) = 0 (note that GK is of cohomological dimension 2). By Nakayama’s
lemma, H2(K,T ) = 0. 
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Let ψ : GK −→ O× be a continuous character with the trivial reduction. We write ψ = 1 + piuψ
with a map u : GQp −→ O which becomes a character after the reduction. Let T and T be as right
before the previous lemma. The exact sequence
0 −→ T ' pi(ψ ⊗ T )/pi2 −→ (ψ ⊗ T )/pi2 −→ T −→ 0
yields the connection homomorphism δψ : H
1(K,T ) −→ H2(K,T ).
Lemma 9.6. Keep the notation being as above. For any α ∈ H1(K,T ), it holds that δψ(α) = uψ∪α
where uψ is the reduction of uψ modulo pi.
Proof. This follows from Lemma 2.2.7 of [70]. 
9.2. Torsion classes. Let T be a finite dimensional GK-module over F. Let T be a lift of T to O
such that H0(K,T ) = 0. Put W = T ⊗ E/O.
Lemma 9.7. It holds that WGK ' H1(K,T )tor. In particular, if T has a trivial sub-representation,
H1(K,T )tor is non-trivial.
Proof. It follows from Proposition 9.1-(1). The latter claim follows from T 'W1 ⊂W . 
Let ψ : GK −→ O× be a continuous character with the trivial reduction and put c(ψ) =
max{ordpi(ψ(g) − 1) | g ∈ GK}. The reader should not confuse it with the conductor of ψ. We
define the following map
fψ : GK −→ O, σ 7→ ψ(σ)− 1
pic(ψ)
which comes from the connection map for the exact sequence
0 −→ O(ψ) −→ E(ψ) −→ E/O(ψ) −→ 0.
Proposition 9.8. Keep the notation as above. It holds that H1(K,O(ψ))tor is generated by fψ and
H1(K,O(ψ))tor ' pi−c(ψ)O/O ' O/pic(ψ) which sends fψ to pi−c(ψ) and to 1.
Proof. Put T = O(ψ). By Proposition 9.1-(1), WGK ∼−→ H1(K,T )tor. The isomorphism is given by
the connection map fψ. We observe that x ∈ WGK if and only if (ψ(σ)− 1)x ∈ O for any σ ∈ GK .
The claim follows from this. 
We say a class of H1(K,F) = Hom(GK ,F) an unramified class if it belongs to H1ur(K,F) =
Hom(GK/IK ,F), a ramified class otherwise.
Proposition 9.9. Let ψ : GK −→ O× be a continuous character with c(ψ) = 1.
(1) The reduction H1(K,O(ψ)) −→ H1(K,F) is surjective if ε|GK is non-trivial;
(2) if ε|GK is non-trivial, for each class α ∈ H1(K,F), there is ψ as above such that α is liftable
to H1(K,O(ψ)) via the reduction map;
(3) the generator fψ of H
1(K,O(ψ))tor goes to uψ. In particular, if ψ is unramified, uψ ∈
H1ur(K,F).
Proof. As in the proof of Lemma 9.5, the vanishing H2(K,F) ' H0(K, ε) = 0 yields H2(K,O(ψ)) =
0. The first claim follows from H2(K,O(ψ))[pi] = 0. For the second claim, let ψ be a charac-
ter with c(ψ) = 1. Notice that H2(K,O(ψ)/pi2) = 0. By Proposition 9.5, the reduction map
H1(K,O(ψ)) −→ H1(K,F) factors through the surjection H1(K,O(ψ)) −→ H1(K,O(ψ)/pi2).
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Therefore, we may lift a class to H1(K,O(ψ)/pi2) for a suitable ψ. Applying Lemma 9.6, we have
the exact sequence
H1(K,O(ψ)/pi2) −→ H1(K,F) δψ−→ H2(K,F)
such that δψ(α) = uψ ∪α for each α ∈ H1(K,F). Since ε|GK is trivial, the local Tate duality induces
a perfect pairing on H1(K,F)×H1(K,F). Since dimFH1(K,F) = 1 + 1 + [K : Qp] ≥ 2, we may take
a ψ such that uψ ∪ α = 0.
The third claim is obvious by definition. 
9.3. Exhaustion of H1(Qp, T ) by crystalline objects. In this subsection, we suppose K = Qp
for simplicity.
Let us fix some notation. For each finite O-module M , we denote by Mtf a torsion free part of
M such that M = Mtf ⊕Mtor. A choice of Mtf is not obviously canonical, but O-rank is stable. For
each Hodge-Tate representation ρ of GQp , we denote by HT(ρ) the multi set of Hodge-Tate weights
of ρ. For multi-subsets A,B of Z, we write A ≥ B if min(A) ≥ max(B).
Let T be a finite dimensional GQp-module over a finite field F. Let W (F) be the ring of Witt
vectors of F. Let T be any lift T which is free module over the integer ring O = OE for some finite
extension E/Qp including W (F). We write
hi∗(T ) = dimFH
i
∗(Qp, T ), hi∗(T ) = dimOH i∗(Qp, T )tf , hi∗(T ⊗O E) = dimEH i∗(Qp, T ⊗O E)
where ∗ is empty or f .
Henceforth, whenever we consider lifts of T , the finite field F defining T , the base ring O of
each lift and its fraction field E are suitably chosen and it should be naturally understood from the
context without any confusion. Therefore, we do not mention about what F, O and E are in each
case.
What we will carry out is that firstly, we take a crystalline lift T of T and secondary, study if the
reduction map H1(K,T ) −→ H1(K,T ) is surjective. As in Proposition 9.8, 9.9, if T has a trivial
sub-representation, then H1(K,T ) always has torsion elements. Hence a careful analysis is necessary
when we consider the liftability of each class of H1(K,T ).
9.3.1. One dimensional case. Let ε = χp : GQp −→ Z×p (resp. ε : GQp −→ F×p ) be the p-adic
(resp. mod p) cyclotomic character of GQp and ψ : GQp −→ O× be an unramified character. Let
1 : GQp −→ F×p be the trivial character.
We denote by ψ : GQp −→ F× the reduction of ψ modulo pi where pi is a uniformizer of O. For a
non-negative integer a, put
Va,ψ := E(ε
aψ), Ta,ψ := O(εaψ), T a,ψ := F(εaψ), Wa,ψ := E/O(εaψ), Wa,ψ,n := pi−nO/O(εaψ).
For each integer a above, put a := a mod p− 1.
Definition 9.10. The natural inclusion H1ur(Qp, T 0,1) ⊂ H1(Qp, T 0,1) can be identified with
HomFp(Q×p /Z×p ,F) ⊂ HomFp(Q×p ,F).
Recall the local Tate pairing H1(Qp, T 1,1)×H1(Qp, T 0,1) −→ Fp. A class of H1(Qp, T 1,1) is called peu
ramifie´e if it is annihilated by HomFp(Q×p /Z×p ,Fp) ⊂ HomFp(Q×p ,Fp) under the pairing. Otherwise we
say a class tre`s ramifie´e. By Kummer theory, H1(Qp, T 1,1) ' Q×p /(Q×p )p and the subgroup Z×p /(Z×p )p
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exhausts all peu ramifie´e classes. If p > 2, then Z×p /(Z×p )p ' Fp while Z×2 /(Z×2 )2 ' µ2×F2. Therefore
we have two classes, say the plus peu ramifie´e class and the minus peu ramifie´e class according to
the sign in µ2. The definition here is taken from Definition 2.1.2 of [35] and in this special case, it
is equivalent to what Serre defined in p.186 of [79].
We say a class of H1(Qp, T 0,1) an unramified class if it belongs to H1ur(Qp, T 0,1), a ramified class
otherwise. The unramified classes are orthogonal complements of peu ramifie´e classes with respect
to the local Tate duality.
Definition 9.11. For two characters χ1, χ2 : GQp −→ F×p , an extension class
0 −→ χ1 −→ ∗ −→ χ2 −→ 0
is called tre`s ramifie´e (resp. ramified) if χ1χ
−1
2 = ε (resp. 1) and ∗ is tre`s ramifie´e ( resp. ramified).
Otherwise, it is called peu ramifie´e. Hence, peu ramifie´e classes include all unramified class in this
notation.
Proposition 9.12. Let a be a non-negative integer with a ≡ b mod p− 1, (0 ≤ b ≤ p− 2).
(1) Assume that a is positive if ψ 6= 1. If (b, ψ) is neither (1,1) nor (0,1), then H1(Qp, Ta,ψ) is
free over O and
dimEH
1
f (Qp, Va,ψ) = dimOH1f (Qp, Ta,ψ) = dimFH1(Qp, T b,ψ) = 1.
Hence any class in H1(Qp, T b,ψ) has a crystalline lift,
(2) Assume (b, ψ) = (1,1) and p > 2.
• For any integer k ≥ 0, each peu ramifie´e class α of H1(Qp, T 1,1) = H1(Qp, ε) is liftable
to a class of H1f (Qp, T1+k(p−1),ψα) for some unramified lift ψα of ψ with c(ψα) = 1.
• For any integer k ≥ 1, each tre´s ramifie´e class of H1(Qp, ε) is liftable to a class of
H1f (Qp, T1+k(p−1),ψα) for some unramified lift ψα of ψ with c(ψαεp−1) = 1. Further, in
either case, H1f (Qp, T1+k(p−1),ψα) is torsion free.
(3) Assume (b, ψ) = (0,1).
• Any unramified class of H1(Qp, T 0,1) = H1(Qp,F) is liftable to a class of H1f (Qp,O) '
O.
• For any integer k ≥ 0, each unramified class α of H1(Qp,F) is liftable to a free O module
of rank one in H1f (Qp, Tk(p−1),ψα) for some unramified lift ψα of ψ with c(ψα) = 1.
• For any integer k ≥ 1, each ramified class α of H1(Qp,F) is liftable to a free O module
of rank one in H1f (Qp, Tk(p−1),ψα) for some unramified lift ψα of ψ with c(ψαεp−1) = 1.
Proof. The first claim and the latter part of the second claim follow from Proposition 1.24 of [71]
and Lemma 9.4-(2). Note that a should be positive when ψ 6= 1 otherwise dimEH1f (Qp, V0,ψ) = 0.
The second claim follows from the proof of Proposition 3.5 of [58] but we give a detailed proof.
Let ψ be a continuous character with c(ψ) = 1 and put ψ = 1 + uψpi. It follows from the condition
that u : GQp −→ F is a non-trivial additive homomorphism. By Lemma 9.5 and Lemma 9.6, we
have the surjection H1(Qp,O(ψε)) −→ H1(Qp,O(ψε)/pi2) and the exact sequence
H1(Qp,O(ψε)/pi2) −→ H1(Qp, ε) δψ−→ H2(Qp, ε) ' F
where δψ(α) = uψ ∪ α for α ∈ H1(Qp, ε). By Kummer theory, we identify H1(Qp, ε) = Q×p /(Q×p )p.
Then δψ(α) = uψ(α). Then one can find ψα such that uψα(α) = 0. Hence α is liftable to
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H1(Qp,O(ψε)/pi2) and then to H1(Qp,O(ψε)). If α is peu ramifie´e (it comes from the unit group),
then uψα is unramified. Let ψα be an unramified lift of uψα . For any wildly ramified continuous
character χ : GQp −→ O× with the trivial reduction, we have c(ψαχ) = 1 and uψαχ = uψα . In par-
ticular, we can choose χ to be εk(p−1) for any k ≥ 0. Hence we have a lift to H1(Qp,O(ψαε1+k(p−1)))
for any k ≥ 0.
If α is tre`s ramifie´e, then uψα has to ramified, since otherwise, the pairing uψα(α) can not be
zero. Then there is an unramified character ψα with c(ψαε
p−1) = 1 such that uψαεp−1(α) = 0.
Similarly, twisting by any wild character with the trivial reduction makes no change. We have a lift
to H1(Qp,O(ψαε1+k(p−1))) for any k ≥ 1. It follows from the proof of Proposition 3.5 of [58] that
first we can lift any tre`s ramifie´e class to a crystalline extension of Hodge-Tate weight {0, p} over
O and then we have the desired lift by congruence. The freeness of the cohomologies follows from
Lemma 9.1-(2).
For the third claim, pick a non-trivial class α ∈ H1(Qp,F). If α is unramified, then the claim is
clear since H1f (Qp,O) = H1ur(Qp,O). If p > 2, then ε 6= 1. Therefore, for any character ψ with the
trivial reduction, the reduction map H1(Qp,O(ψ)) −→ H1(Qp,F) is always surjective and it factors
through the surjection
H1(Qp,O(ψ)) −→ H1(Qp,O(ψ)/pi2)
(cf. the proof of Lemma 9.5). We may lift α to H1(Qp,O(ψ)/pi2) for a suitable ψ. Let β :=
α⊥ ∈ H1(Qp, ε) be a non-trivial element which is orthogonal to α in the local Tate duality. If
α is unramified, then β is peu ramifie´e. by using the previous argument, there is an unram-
ified character ψβ with c(ψβ) = 1 such that for any k ≥ 0, β is liftable to an element β˜ ∈
H1(Qp,O(ψ−1β ε1−k(p−1))/pi2) is not killed by pi. By the local Tate duality again, we can find a
desired lift α˜ ∈ H1(Qp,O(ψβεk(p−1))/pi2) ∩ 〈β˜〉⊥ which is not killed by pi. Hence it is not a torsion
class by Proposition 9.8. Therefore we have a free O-module of rank one in H1f (Qp,O(ψβεk(p−1)))
which yields a crystalline lift of α as desired. Similarly, if α is ramified, then β is peu ramifie´e and
there is an unramified character ψβ with c(ψβε
p−1) = 1 such that for any k ≥ 1, α is liftable to a
free O-module of rank one in H1f (Qp,O(ψβεk(p−1))).
Finally, we consider the case when p = 2. In this case we see ε = 1 and H2(Qp,F) ' H0(Qp, ε) =
H0(Qp,F) = F. Hence, we can apply the argument for the second claim. 
Remark 9.13. When p > 2, the space H1(Qp, T 1,1) is 2-dimensional and it is divided into a unique
peu ramifie´e line and tre´s ramifie´e lines. Each tre´s ramifie´e line of which τ belongs is liftable to the
free O-module H1f (Qp, T1+k(p−1),ψτ ) of rank one. If we vary ψτ , then ramified classes are exhausted
but we can not do the same for a single ψτ . It is the same for H
1(Qp, T 0,1).
Definition 9.14. For each character χ : GQp −→ F×p and each class α ∈ H1(Qp, χ), we define the
character ψχ,α to be trivial if α is peu ramifie´e and unramified, a non-trivial unramified character with
the trivial reduction appear in Proposition 9.12-(2),(3) according to α is tre`s ramifie´e or ramified.
Put
rχ,α :=
{
p− 1 α is tre`s ramifie´e or ramified
0 otherwise
.
9.3.2. Two dimensional, irreducible case. Let ρ : GQp −→ GL2(Fp) be a continuous irreducible
representations. It is well-known (cf. Section 2.4 of [25] or Section 2.5 of [70]) that there exists
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integers 0 ≤ b < a < p such that ρ ' ψ ⊗ IndGQpGQ
p2
ωb+ap2 where Qp2 stands for the unramified
quadratic extension of Qp, ψ : GQp −→ F×p is an unramified character and ω2 : GQp2 −→ F
×
p
is a unique extension of the fundamental character of the inertia subgroup Ip of level two. As a
result, ρ is absolute irreducible since ωp2 6= ω2. By The´ore`me 2.5.2 of [70], there exists a crystalline
lift ρ : GQp −→ GL2(O) of ρ with the Hodge-Tate weight {a, b} for any O = QE of a finite
extension E/Qp including Qp2 . It is also potentially diagonalizable by Theorem 3.0.3 of [29] since
0 ≤ a− b ≤ p− 1.
Let T be the representation space of ρ and put V = T ⊗O E. Let ψ and ψ be as in Section 9.3.1.
Proposition 9.15. For any non-negative integer c with c ≡ d mod p, 0 ≤ d ≤ p − 2, it holds that
H1f (Qp, T (εcψ)) is torsion free and dimFH1(Qp, T (εdψ)) = 2. Further, dimEH1f (Qp, V (εcψ)) = 2 if
all Hodge-Tate weights {c+ a, c+ b} of V (εcψ) are positive.
Proof. Notice that ρ ' W1 is irreducible. Since (W1)GQp = 0 and (W ∗1 )GQp = 0, by Lemma 9.1-
(2),(3) and Lemma 9.4-(1), H1f (Qp, T (εaψ)) is torsion free. The last claim follows from 9.4-(2) and
Proposition 1.24-(2) of [71] (note that the Hodge-Tate weights of V (εaψ) are positive, hence the 0-th
de Rham filtration F0 = Fil0 vanishes in the notation of [71]). 
9.3.3. Two dimensional, reducible case. Let ρ : GQp −→ GL2(Fp) be a continuous reducible repre-
sentation. It is easy to see that ρ '
(
ψ1ε
a τ
0 ψ2ε
b
)
for some 0 ≤ a, b ≤ p−2 and for some unramified
characters ψi : GQp −→ F×p (i = 1, 2). We will study crystalline lifts of each element in H1(Qp, ρ). If
the class of τ is trivial, it is reduced to the case of dimension one. Therefore, we may assume that the
extension class of τ is non-trivial. Put χ1 = ψ1ε
a and χ2 = ψ2ε
b. By the local Euler characteristic
formula, we see that
dimFH
1(Qp, ρ) =

4 if(χ1, χ2) = (1, ε)
3 ifχ1 = 1, χ2 6= ε or χ1 6= 1, χ2 = ε
2 otherwise
.
By Proposition 9.12, there exists a crystalline lift ρ of ρ such that
(9.1) HT(ρ) =

{a+ p− 1, b} = {b+ p, b} if χ1χ−12 = εp and τ is tre`s ramifie´e
{a, b} if a > b and τ is peu ramifie´e
{a+ p− 1, b} if a ≤ b
.
For such a ρ and any integer k, ρ⊗ εk(p−1) is also a crystalline lift of ρ. Therefore, we can make all
Hodge-Tate weights positive by twisting so that H1f (Qp, ρ⊗ εk(p−1)) = 2.
First we consider the case when χ1 6= 1, ε. Consider the exact sequence
0 −→ H1(Qp, χ1) ι−→ H1(Qp, ρ) pi−→ H1(Qp, χ2) −→ 0.
Consider a class x ∈ H1(Qp, ρ) which comes from a crystalline representation as in (??). As observed,
α2 := pi(x) ∈ H1(Qp, χ2) is ramified if χ2 = 1. Applying Proposition 9.12, there exists an unramified
character ψχ2,α2 : GQp −→ O× such that α2 is liftable to a rank one O-module in H1f (Qp, χ2,α2)
where χ2,α2 is a crystalline lift of χ2 depending also on α2 (recall ψχ2,α2 in Definition 9.14). To be
more precise, χ2,α2 is of form
χ2,α2 = ψχ2,α2ψ2ε
b+a2(p−1)+rχ2,α2
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for a non-negative integer a2 and an unramified lift ψ2 of ψ2.
Applying Proposition 9.12 to the extension class τ in H1(Qp, χ1χ−12 ), we have the crystalline lifts
of ρ defined by
(9.2) ρa1,a2,τ ,α2 =
ψχ2,α2ψχ1χ−12 ,τψ1εa+a1(p−1)+rχ1χ−12 ,τ ∗
0 ψχ2,α2ψ2ε
b+a2(p−1)+rχ2,α2

where a1 ≥ a2 is a non-negative integer such that
(9.3) a+ a1(p− 1) + rχ1χ−12 ,τ > b+ a2(p− 1) + rχ2,α2 > 0
and ψ1 is an unramified lift of ψ1 satisfying ψ1 = ψ2 if χ1χ
−1
2 = ε. Put
χ1 = ψχ2,α2ψχ1χ
−1
2 ,τ
ψ1ε
a+a1(p−1)+rχ1χ−12 ,τ .
By Lemma 9.4 , H1f (Qp, χ1) is torsion free and the reduction map H1f (Qp, χ1) −→ H1(Qp, χ1) is
surjective. Further, there is an exact sequence
0 −→ H1f (Qp, χ1) −→ H1f (Qp, ρa1,a2,τ ,α2) −→ H1f (Qp, χ) −→ 0
as free O-modules. Recall that α2 comes from an element of H1f (Qp, χ) and we lift it to an element
x˜α2 ∈ H1f (Qp, ρa1,a2,τ ,α2) by the above exact sequence. The image of x˜α2 to H1(Qp, ρ) and x differ by
an element in Im(ι). Therefore, we can adjust x˜α2 in H
1
f (Qp, ρa1,a2,τ ,α2) by an element of H1f (Qp, χ˜1)
so that x˜α2 goes to x. Hence, we have a crystalline lift of x to H
1
f (Qp, ρa1,a2,τ ,α2).
Next we consider the case when χ1 6= 1 and χ2 = ε. We also assume that ε 6= 1 which happens
exactly when p > 2. Notice that by Lemma 9.1-(2), H1(GQp , ρ) is always O-torsion free for any lift
ρ to O of ρ. Let ρχ1,χ2 be a crystalline lift of ρ which has the shape
ρχ1,χ2 =
(
χ1 ∗
0 χ2
)
such that H2(Qp, ρχ1,χ2/pi2) = 0 where χi is a crystalline lift of χi for i = 1, 2. Such a lift always
exists for ρ. The exact sequence
0 −→ ρ ' piρχ1,χ2/pi2 −→ ρχ1,χ2/pi2 mod pi−→ ρ −→ 0
yields
H1(Qp, ρχ1,χ2/pi2)
mod pi−→ H1(Qp, ρ)
δχ1,χ2−→ H2(Qp, ρ)
where δχ1,χ2 is the connection map. It is easy to see that H
1(Qp, ρχ1,χ2)
mod pi2−→ H1(Qp, ρχ1,χ2/pi2) is
surjective since H2(Qp, ρχ1,χ2/pi2) = 0. Therefore, we have an exact sequence
H1(Qp, ρχ1,χ2)
mod pi−→ H1(Qp, ρ)
δχ1,χ2−→ H2(Qp, ρ) ' H2(Qp, χ2) = H2(Qp, ε) ' F.
We write χ2ε
−1 = 1 + upi with a map u : GQp −→ O whose reduction u : GQp −→ F is an additive
homomorphism which factors through GabQp/(G
ab
Qp)
p. By Lemma 9.6, for each α ∈ H1(Qp, ρ) with
the image α2 to H
1(Qp, χ2) = H1(Qp, ε) ' Q×p /(Q×p )p, we have
δχ1,χ2(α) = u(α2).
If δχ1,χ2(α) = 0, then α is liftable to H
1(Qp, ρχ1,χ2). By choosing ρχ1,χ2 suitably, α is also liftable to
H1f (Qp, ρχ1,χ2). If δχ1,χ2(α) 6= 0, there exists another crystalline lift χ′2 of χ2 such that δχ1,χ′2(α) = 0.
Therefore, α is liftable to H1f (Qp, ρχ1,χ′2).
41
When χ1 6= 1, χ2 6= ε, and ε 6= 1, there exists a crystalline lift to H1f (Qp, ρχ1,χ2) since the
reduction map H1(Qp, ρ) −→ H1(Qp, ρ) is surjective and H1(Qp, ρ) is O-torsion free for any lift ρ
to O of ρ.
Finally, we consider the when χ1 = 1. Applying the argument of the proof of Proposition 9.12-
(2),(3), we have a lift to a rank one O-submodule in H1f (Qp, ρχ1,χ2) for specific χi (1 ≤ i ≤ 2). The
non-triviality of τ1 guarantees any lift of each class of H
1(Qp, ρ) is not torsion. Hence it is liftable
to a rank one O-submodule of H1f (Qp, ρχ1,χ′2). Summing up, we have proved the following:
Proposition 9.16. Let p ≥ 2 be a prime. Let ρ =
(
χ1 τ
0 χ2
)
. Then each class of H1(Qp, ρ) is
liftable to an ordinary, crystalline extension with specific regular Hodge-Tate weights.
9.3.4. Three dimensional, reducible case 1. Assume p > 2. Let ρ : GQp −→ GL3(Fp) be a continuous
reducible representation which is of form ρ '
ψ1ε
a τ1 τ2
0 ψ2ε
b τ3
0 ψ3ε
c
 for some 0 ≤ a, b, c ≤ p− 2 and
for some unramified characters ψi : GQp −→ F×p (i = 1, 2, 3). If τ1 = 0 (resp. τ3 = 0), then by
changing basis if necessary, we may assume that a ≥ b (resp. b ≥ c). With the same reason, we may
assume a ≥ b ≥ c if all τ i (i = 1, 2, 3) are trivial (hence when ρ is tame). We may also assume that
any τi (i = 1, 2, 3) is non-trivial. Put χ1 = ψ1ε
a, χ2 = ψ2ε
b, and χ3 = ψ3ε
c. Put ρ1 =
(
χ1 τ1
0 χ2
)
.
By Proposition 9.16, we have a crystalline lift of ρ whose shape takes
ρχ1,χ2,χ3 =
χ1 ∗ ∗0 χ2 ∗
0 0 χ3

such that HT(χ1) > HT(χ2) > HT(χ3). If χ3 6= 1, then we have the surjection H1(Qp, ρχ1,χ2,χ3) −→
H1(Qp, ρ). Since all extensions are supposed to be non-trivial, x is liftable to a rank oneO-submodule
in H1f (Qp, ρχ1,χ2,χ3). If χ3 = 1, then we apply the argument of the proof of Proposition 9.12-(2),(3),
we have a lift to a rank one O-submodule in H1f (Qp, ρχ1,χ2,χ3) for specific χi (1 ≤ i ≤ 3).
Proposition 9.17. Keep the notation as above. Each element x ∈ H1(Qp, ρ) is liftable to a rank
one O-submodule in H1f (ρχ1,χ2,χ3) for ρχ1,χ2,χ3 with specific characters χi (1 ≤ i ≤ 3) with regular
Hodge-Tate weights.
9.3.5. Three dimensional, reducible case 2. Let ρ : GQp −→ GL3(Fp) be a continuous reducible
representation which is of type ρ '
(
ρ1 τ1
0 ψεc
)
or
(
ψεc τ1
0 ρ1
)
for 0 ≤ c ≤ p − 2, an unramified
character ψ : GQp −→ F×p , and an irreducible representation ρ1 : GQp −→ GL2(Fp). We may assume
that τ1 is non-trivial.
Let us first consider the former case. As seen in Section 9.3.2, there are integers 0 ≤ b < a < p
such that ρ1 ' Ind
GQp
GQ
p2
ωb+ap2 . Put χ = ψε
c. We may regard H1(ρ1) as a subspace of H
1(ρ) by the
following exact sequence
0 −→ H1(ρ1) −→ H1(ρ) −→ H1(ψεc) −→ 0.
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We denote by W2 its complement so that it surjects onto H
1(ψεc). Pick x ∈ H1(ρ) and write
x = α1 + w2, α1 ∈ H1(ρ1). We denote by α2 the image of w2 to H1(ψεc). Applying Proposition
9.15 to τ1, we can lift ρ to a crystalline lift
ρa1,a2,α2 =
(
ρ1,a1 ∗
0 ψχ,α2ψε
c+a2(p−1)+rχ,α2
)
where ρ1,a1 is a crystalline lift of ρ1 with Hodge-Tate weights {a+a1(p−1), b+a1(p−1)} for a1 ≥ 0
and ψ : GQp −→ O× is an unramified lift of ψ. We assume that
(9.4) b+ a1(p− 1) > c+ a2(p− 1) + rχ,α2 > 0.
If we choose a lift of α2 to an element x˜ of H
1
f (ρa1,a2,α2) via the natural surjection to H
1
f (χ˜) where
χ˜ = ψχ,α2ψε
c+a2(p−1)+rχ,α2 and send it to H1(ρ) via the reduction map, then its difference from x is
an element of H1(ρ1) which comes from an element of H
1
f (ρ1,a1). By adjusting in H
1
f (ρa1,a2,α2) with
an element of H1f (ρ1,a1), we find a lift of x to H
1
f (ρa1,a2,α2) as desired.
Next we consider when ρ =
(
χ τ1
0 ρ1
)
with χ = ψεc. By Proposition 9.3.2, there exists a crystalline
lift ρχ1,a1 of form:
ρχ1,a1 =
(
χ1 τ1
0 ρa1
)
such that HT(χ1) > HT(ρa1) > 0. Since ρ1 is irreducible, the reduction map H
1(Qp, ρχ1,a1) −→
H1(Qp, ρ) is surjective. As observed before, any lift of each class of H1(Qp, ρ) is non-torsion, since
τ1 is non-trivial. Summing up, we have proved:
Proposition 9.18. Let ρ be as in the beginning of this section. Each class of H1(Qp, ρ) is liftable
to a rank one O-submodule in H1f (Qp, ρχ1,a1) for ρχ1,a1 of regular Hodge-Tate weights with specific
characters χ1 and a1.
9.4. An explicit construction of potentially diagonalizable, crystalline lifts for GSp4. Let
ρ : GQp −→ GSp4(Fp) be a continuous representation. Assume p > 2 for simplicity. It is easy to
see that the similitude character ν ◦ ρ is the product of a power of ε and an unramified character.
We regard ρ as a representation to GL4(Fp) and denote by ρss the semi-simplification of ρ. By
Proposition 7.2 of [97] we have five types:
(1) (Borel ordinary case) ρss is decomposed into the direct sum of characters;
(2) (Siegel ordinary case) ρss is the direct sum of two 1-dimensional representations and one
2-dimensional irreducible representation;
(3) (Klingen ordinary case) ρss is the direct sum of two 2-dimensional irreducible representations;
(4) (Endoscopic case) ρ = ρss the direct sum of two 2-dimensional irreducible representations
with the same determinant character;
(5) (Irreducible case) ρ is irreducible.
In view of our purpose, in Borel ordinary case, we may assume that it comes from an ordinary,
crystalline representation over O.
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9.4.1. Borel ordinary case. In this case, it follows from Proposition 7.2 of [97] that
ρ ' εcψ0 ⊗
(
ρ1 B
02 ψ1ε
a+bρ∗1
)
.
Here ρ1 =
(
ψ1ε
a+b τ0
0 ψ2ε
a
)
and for each 0 ≤ i ≤ 2, ψi : GQp −→ F×p is an unramified character and
0 ≤ a, b, c ≤ p− 2. Notice that the class of B belongs to H1(Qp, (ψ1εa+b)−1ad0(ρ1)) where the space
(ψ1ε
a+b)−1ad0(ρ1) is of dimension three. Then, by Proposition 9.17, there exists a crystalline lift of
ρ to GSp4(O) with regular Hodge-Tate weights. Since such a lift is ordinary, it is also potentially
diagonalizable.
9.4.2. Siegel ordinary case. In this case, it follows from Proposition 7.2 of [97] that
(9.5) ρ ' εcψ0 ⊗
ψ2ε
a+b τ1 τ3
0 ρ1 τ2
0 0 1

where ρ1 ' ψ1 ⊗ Ind
GQp
GQ
p2
ωb+ap2 with 0 ≤ b < a ≤ p, 0 ≤ c ≤ p − 2, and ψ0, ψ1, ψ2 are unramified
characters which satisfy ψ
2
1 = det(ρ1)ε
−(a+b) = ψ2. If we write τ1 : GQp −→ V1 and τ2 : GQp −→ V2
where V1 = F2 consists of row vectors while V2 = F2 consists of column vectors. Since ρ is a
representation to GSp4(F), it is easy to see that the isomorphism V1 −→ V2, (x1, x2) 7→
(
−x2
x1
)
induces an isomorphism H1(Qp, ψ2εa+b ⊗ ρ∗1) ∼−→ H1(Qp, ρ1) such that τ1 goes to τ2. Put ρ2 =(
χ τ1
0 ρ1
)
with χ = ψ2ε
a+b.
From Section 9.3.2, we have a crystalline lift
ρ2 =
(
ψ2ε
a+b+a2(p−1) τ1
0 ρ1,a1
)
of ρ2 such that det(ρ1,a1) = ψ2ε
a+b+a2(p−1) for some non-negative integers a1, a2. Consider the exact
sequence 0 −→ H1(χ) −→ H1(ρ2) −→ H1(ρ1) −→ 0. The extension class defined by ρ gives an
element x in H1(ρ2) sent to τ2. Applying Section 9.3.5, there exists a crystalline lift ρ to GSp4(O)
of ρ which has the shape:
ρ = ψ ⊗
(
ρ2 ∗
0 1
)
of regular Hodge Tate weights for some crystalline character ψ. By the properties (5),(7) in p.530
and the proof of Lemma 1.4.3 of [8], ρ is potentially diagonalizable (note that ρ1,a1 is potentially
diagonalizable as observed).
9.4.3. Klingen ordinary case. In this case, it follows from Proposition 7.2 of [97] that
ρ '
(
ρ1 ∗
02 ψ0ε
cρ2
)
where ρ1 ' ψ1⊗ Ind
GQp
GQ
p2
ωb+ap2 with 0 ≤ b < a ≤ p and ρ2 ' ρ∗1. We may assume ∗ is non-trivial and
it belongs to H1(Qp, ψ
−1
0 ε
−cad0(ρ1)) since the unipotent radical of the Siegel parabolic subgroup
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has the structure of Sym2(St2). If p > 2, ad
0(ρ1) ' δ ⊕ Ind
GQp
GQ
p2
ω
(p−1)(a−b)
2 where δ : GQp −→ F
×
p
is the quadratic character associated to Qp2/Qp. The second factor is irreducible if and only if
(p+ 1) - 2(a− b). If (p+ 1)|2(a− b), put m = 2(a− b)/(p− 1). Then
Ind
GQp
GQ
p2
ω
(p−1)(a−b)
2 ' ε
m(p−1)
2 ⊕ δεm(p−1)2 .
Assume that By using results in Section 9.3.4, 9.3.5, we have a potentially diagonalizable crystalline
lift ρ to GSp4(O) of ρ.
9.4.4. Endoscopic type. In this case, we have ρ ' ρ1 ⊕ ρ2 for some irreducible 2-dimensional repre-
sentations ρ1, ρ2 with the same determinant. We write ρi ' ψi⊗Ind
GQp
GQ
p2
ωbi+pai2 with 0 ≤ bi < ai < p
for i = 1, 2. For i = 1, 2, as explained in Section 9.3.2, let ρi,ci be a crystalline lift of ρi of Hodge-Tate
weights {ai + ci(p − 1), bi + ci(p − 1)} such that det(ρ1,c1) = det(ρ2,c2) and Hodge-Tate weights of
ρ := ρ1,c1 ⊕ ρ2,c2 are different each other. The lift ρ takes the values in GSp4(O) and it is also
potentially diagonalizable.
9.4.5. Irreducible case. Let ρ : GQp −→ GSp4(Fp) be a continuous irreducible representations. By
Proposition 7.2 of [97] and Section 2.5 of [70]), there exists an integer
a = a0 + a1p+ a2p
2 + a3p
3, 0 ≤ ai ≤ p− 1, a 6≡ 0 mod p2 + 1, a ≡ 0 mod p+ 1
such that ρ ' ψ ⊗ IndGQpGQ
p4
ωa4 where Qp4/Qp stands for the unramified cyclic extension of degree
four, ψ : GQp −→ F×p is an unramified character and ω4 : GQp2 −→ F
×
p is a unique extension of
the fundamental character of the inertia subgroup Ip of level four. For any σ ∈ Gal(Qp4/Qp), we
denote by ω4,σ the twist of ω4 by σ. Let τ be the generator of Gal(Qp4/Qp). Once we fix ω4, we
have ωa4 = ω
a0
4,τ0
ωa1
4,τ1
ωa2
4,τ2
ωa3
4,τ3
.
Let χ4 be the composition of the homomorphisms
GQp4 −→ GabQp4
∼−→ Ẑ×O×Qp4
proj−→ O×Qp4
such that the reduction χ4 modulo p is ω4. Here the second isomorphism is given by the local class
field theory and the third map is the natural projection. For any σ ∈ Gal(Qp4/Qp), we denote by χ4,σ
the twist of χ4 by σ. Let τ be the generator of Gal(Qp4/Qp). Fix Qp4 ↪→ Qp. Let ψ : GQp −→ Z×p
be a crystalline lift of ψ.
The congruent condition implies a0+a2 ≡ a1+a3 mod p+1. We may assume that a0+a2 ≥ a1+a3.
Then we have a0 + a2 = a1 + a3 + i(p+ 1), i = 0, 1. When i = 0, then
ρ := ψ ⊗ IndGQpQp4 χ
a0
4,τ0
χa1
4,τ1
χa2
4,τ2
χa3
4,τ3
is crystalline lift of ρ of HT (ρ) = {c+ a0, c+ a1, c+ a2, c+ a3} where c = HT (ψ). Since Hodge-Tate
weights have the symmetry so that (c+a0) + (c+a2) = (c+a1) + (c+a3), the lift ρ takes the values
in GSp4(O) for some finite extension E/Qp such that O = OE includes OQp4 and Im(ψ). If i = 1,
then a0 = a1 + a3 − a2 + 1 + p and we have
ωa4 = ω
a1+a3−a2+1
4 ω
(a1+1)p
4 ω
a2p2
4 ω
a3p3
4 .
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Re-indexing as b0 = a1 + a3 − a2 + 1, b1 = a1 + 1, b2 = a2, b3 = a3, we have the symmetry so that
b0 + b2 = b1 + b3. It follows from this that
ρ := ψ ⊗ IndGQpQp4 χ
b0
4,τ0
χb1
4,τ1
χb2
4,τ2
χb3
4,τ3
is a crystalline lift of ρ to GSp4(O) for a suitable integral coefficient O as above such that
HT (ρ) = {c+ b0, c+ b1, c+ b2, c+ b3}
where c = HT (ψ).
10. Classical (naive) Serre weights
Assume p > 2. Let ρ : GQ −→ GSp4(Fp) be an automorphic irreducible mod p Galois representa-
tion. Let SW (ρ) be the set of all (a, b, c) ∈ Z≥0 × Z≥0 × Z≥0 such that
• a > b > 0;
• there is a potentially diagonalizable, crystalline lift ρ of ρ such that HT(ρ) = {a+ b+ c, a+
c, b+ c, c}.
The results in previous section show SW (ρ) is always non-empty. Put
SW cl(ρ) := SW (ρ) + (1, 2, 0) = {(a+ 1, b+ 2, c) | (a, b, c) ∈ SW (ρ)}.
Definition 10.1. The classical Serre weight (k1(ρ), k2(ρ), w(ρ)) of ρ is defined by the minimum
element of SW cl(ρ) in lexicographic order.
The following result is an variant of Edixhoven’s observation of the minimality of the classical
Serre weights (see Theorem 4.5 of [25]):
Theorem 10.2. Assume p > 2. Let ρ : GQ −→ GSp4(Fp) be an automorphic irreducible mod p
Galois representation. Assume that ρ|GQ(ζp) is irreducible and ρ(GQ(ζp)) is adequate. Then there
exists a Hecke eigen Siegel cusp form F of weight (k1(ρ), k2(ρ)) satisfying k1(ρ) ≥ k2(ρ) ≥ 3 such
that
(1) ρ ' ρF,ιp ⊗ εw(ρ)ψ for some character ψ : GQ −→ F
×
p of conductor prime to p;
(2) the level of F is prime to p.
Proof. The claim follows from Theorem 1.2. 
11. Companion forms for GSp4
Let ρ be in Theorem 1.2. In the case of elliptic modular forms, the companion forms had been
understood as the existence of another form which gives rise to the same mod p Galois representa-
tion up to the twist by a power of the mod p cyclotomic character. There also exists a beautiful
explanation of such a form in terms of BGG complex (cf. [32],[90]). This is now understood well as
a part of the context of a prescribed modular (automorphy) lifting theorem (cf. [31],[36]). Thanks
to Theorem 10.2, we need to assume neither neither ρ is ordinary nor ρ is ordinary satisfying the
condition (3) of Theorem 7.6.9 of [36]. Hence Theorem 10.2 includes the (extensive) companion form
theorem. A detailed formulation would be given immediately but be left to interesting readers.
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12. Adequacy condition
In this Section, we briefly discuss the second condition in Theorem 1.1 for an absolutely irre-
ducible Galois representation ρ : GF −→ GSp4(Fp) about when it holds that ρ|GF (ζp) is irreducible
and ρ(GF (ζp)) is adequate. If ρ|GF (ζp) is reducible, then ρ is an induced representation of a lower
dimensional representation of GM for some F ⊂ M ⊂ F (ζp) with [M : F ] = 2 or 4. Assume that
ρ|GF (ζp) is irreducible and p > 2 · 4 + 2 = 10, then ρ(GF (ζp)) is adequate by Appendix A of [89]. For
small p ≤ 7, if the image of ρ contains Sp4(Fp) for p > 2 or ρ ' Sym3τ for some τ : GF −→ GL2(Fp)
so that τ contains SL2(Fp) for p > 5 , then ρ(GF (ζp)) is adequate. This follows immediately from
Corollary 1.5 of [47] and Proposition 2.1.1 of [7]. Since all subgroups in GSp4(Fp) which act irre-
ducibly on F⊕4p via the natural inclusion GSp4(Fp) ⊂ GL4(Fp) are classified , for example, in [22],
we would be able to prove a similar result of Proposition 2.1.1 of [7]. We will address this problem
somewhere.
13. Concluding remarks
It may be possible to generalize the main results for reductive groups G in GLn in this paper once
we have the following ingredients:
(1) a complete classification of parahoric restrictions for G;
(2) base change theory for G;
(3) a construction of a weight zero form for G.
This may be possible to archive for which G is an inner form of GL3 or GL4,
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